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(N" 
H I Abstract 

In this paper, we classified the rational solutions of the Sasano system of type D^ , which 
cn I is given by the coupled Py system with the affine Weyl group symmetry of type D^ . The 
rational solutions are classified to four types by the Backlund transformation group. 

U- Introduction 

^ \ In this paper, we classified the rational solutions of the Sasano system of type Dl^ , which 
is defined by 

tx' = 2x^y + tx^ — 2xy — {t + (2a2 + 2a3 + 0:5 + a^)} x 

+ (a2 + «5) + 2z{{z - l)w + 0:3} , 
ty' = —2xy^ + y"^ — 2txy + {t + (2^2 + 2a3 + 0^5 + 0:4)} y — ait, 
tz' = 2z'^w + tz^ — 2zw — {t + (as + a^)} z + a^ + 2yz{z — 1), 
tw' = —2zw'^ + w'^ — 2tzw + {t + (0:5 + 0:4)} w — a^t — 2y{—w + 2zw + 03), 
^ao + «i + 2a2 + 2^3 + 04 + 0:5 = 1, 

where ' = d/dt and ai (0 < i < 5) are all arbitrary complex parameters. D^ («j)o<j<5 is 
expressed by the coupled Py system: 

dx dH dy dH dz dH dw dH 

dt dy '' dt dx'' dt dw ' dt dz ' 

where the Hamiltonian H is given by 

H = Hy{x, y, t; 0:2 + 05, "i, "2 + 20:3 + 04) + Hy{z, w, t; 0:5, 0:3, 0:4) + 2yz {{z - l)w + 03} 
= x{x - l)y{y + t) - {2a2 + 2^3 + 0:5 + a4)xy + (0^2 + a^)y + aitx 
+ z{z — l)w{w + t) — (as + a4)zw + a^w + a^tz 
+ 2yz{{z - 1)^ + 03}, 

^v(9,p,^; 71,72,73) = qiq- i)p(p + ^) - {ii + i3)qp + iip + i2tq- 

-O5 ('^j)o<i<5 possess the Backlund transformations, Si,TCj (0 < i < 5, 1 < j < 4), 
which are defined as follows: 
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The Backlund transformation group (si,7rj| < ? < 5, 1 < j < 4) is isomorphic to the 
affine Weyl group of type D\ . 

In this paper, we define the coefficients of the Laurent series of x, y^z^w at t = 
00, 0, c G C* by 

floo.fc, ao,fe, ac,k k eZ, (for x), h^o^k, bo,k, bc,k k e Z, (for y) 
Coo,fc, co,k, Cc,k k eZ, (for z), doo,k, do,k, dc,k k e Z, (for w), 

respectively. If 600,1 + c^oo.i 7^ ~l/2) we say that {x,y,z,w) is a solution of type A. If 
600,1 + c^oo.i = —1/2) we say that (x, y, z, w) is a solution of type B. Moreover, we denote 
the coefficients of the Laurent series of H aX t = 00, 0, c G C* by 

hoo,k, ho,k, hc^k, {k G Z), 

respectively. 

Our main theorem is as follows: 

Theorem 0.1. Suppose that for D^ i'^j)o<j<5, there exists a rational solution. By some 

Backlund transformations, the parameters and solution can then be transformed so that 

one of the following occurs: 

(a-1) (ao, tti, 0:2, as, 0:4, 0:5) = (cto, 0, 0, 0, 0:4, 0) and (x, y, z, w) = (0, 0, 0, 0), 

(a-2) {ao, ai, 0:2, cts, ^4, ^5) = (0, 0, 0, 0, 1, 0) and 

{x, y, z, w) = (0, 0, 0, 0), (0, -t, 0, 0), (0, 0, 0, -t), (0, -t, 0, t), 

(b-1) — ao + ai = — ^4 + 0:5 = and {x, y, z, w) = (1/2, — 1/2, 1/2, 0), 
(b-2) (ao, tti, tt2, tt3, tt4, tts) = (1/2, 1/2, 0, as, —as, —as) and 

ix,y,z,w) = {l/2,-t/2 + b,l/2,d), 



where b, d are both arbitrary complex numbers and satisfy 6 + rf = 0. 

This paper is organized as follows. In Sections 1, 2 and 3, we treat the meromorphic 
solutions at t = oo, 0, c G C* of D\^ {(^j)q<j<5- 

We first find that for a meromorphic solution of type A at t = oo, aoo,-i(= — ReSf=ooa^) 
is given by the parameters, and for a meromorphic solution of type B at t = oo, 6oo,o + 
c^oo,o = 0, —0:4 + 0:5. We next see that for a meromorphic solution at t = 0, 60,0 + c^o,o = 
0, —0:4 + 0:5. We last observe that for a meromorphic solution at t = c G C*, ac-i = 
Rest=cX G Z, and bc-i + dc-i = Rest=c{y + w) = nc {n E Z) . Therefore, it follows that 

Ooo -1 - Oo -1 e Z and (600,0 + c?oo,o) - (&o,o + c?o,o) e Z. 

In Section 4, for a meromorphic solution at t = oo,0,c G C*, we compute /i 00,0, ^0,0, 
and hc-i = Rest=cH. We then see that hao^, /io,o are both expressed by the parameters 
and /ic,-i = nc {n E Z>o). Therefore, it follows that 

^00,0 ~ ^0,0 £ Z>o. 

In Section 5, we investigate the properties of the Backlund transformations and show 
the existence of the "infinite solution," which is given hjy = w = oooTz = 00. In Section 
6, we determine the infinite solution. 

In Sections 7 and 8, we obtain necessary conditions for D^ (aj)o<j<5 to have rational 
solutions of type A and B. For this purpose, we use 



^00,-1 — ao,-i £ Z, (600,0 + doofi) — (&o,o + dofi) G Z and /ioo,o — ^0,0 G Z>o, 

and express the necessary conditions by the parameters. 

In Section 9, using the Backlund transformations, we transform the parameters so 
that one of the following occurs: 

(1) ai = a2 = a^ = C(5 = 0, (2) —aQ+ai = —a^+a^ = 0, (3) —a^+ai = 0, —a^+a^ = 1. 
In this paper, we call cases (2) and (3) the standard forms I and II. 

In Sections 10, 11, we treat case (1), that is, determine the rational solutions of type 
A of DI {ao, 0, 0, 0, 0:4, 0). In Section 12, we obtain the main theorem for type A. 

In Sections 13, 14, 15, 16 and 17, we determine the rational solutions of type B for the 
standard form I. In Sections 18, 19, 20, 21 and 22, we determine the rational solutions of 
type B for the standard form II. In Section 23, we obtain the main theorem for type B. 
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1 Meromorphic solutions at t = oo 

In this section, for D5 («j)o<i<5, we determine the Laurent series of (x, y, z, w) at t = 00. 
For this purpose, we consider the following five cases: 

(0) all of (x, y, z, w) are holomorphic at t = 00, 

(1) one of (x, y, z, w) has a pole at t = 00, 

(2) two of (x, y, z, w) have a pole at t = 00, 

(3) three of (x, y, z, w) have a pole at t = 00, 

(4) all of (x, y, z, w) have a pole at t = 00. 
Moreover, we set 



X = a 



00, no 



t"° + aoo,„o-i^"°"' + ■ ■ ■ + aoo,-it-' + ■ ■ ■ 



b t"i 



^oo,ni-li^"^ + ■ ■ ■ + 600,0 + 



'-'00,?i2 "•" '-'00,n2 — 1'' + ■ ■ ■ ~r Cqo _xt -p 



^ uy "■oo,?i2 T^ ""OOina — 1'' 

where no,ni,n2,n3 are all integers. 



"3^1 



+ 



^00 , — 1 ' 

+ doo,o + 



1.1 The case where all of {x,y,z,w) are holomorphic at t = 00 

In this subsection, we treat the case where all of (x, y, z, w) are holomorphic at t = 00. 

Proposition 1.1. Suppose that for D\^ (<^j)o<j<5) there exists a solution such that x, y, 
2;, w are all holomorphic at t = 00. Then, aoo,o = 0, 1 and Coo,o = 0, 1. 

(1) //(aoo,o,Coo,o) = (0,0), 

'x = (0:2 + tts)^""^ H , 

y = ai + ai{—ai — 2a^ — 0:4 + 0:5)^^"^ + ■ ■ ■ , 

z = ast"^ H , 

^w = a3 + q;3(— 0:3 — 0:4 + arj)t~^ + ■ ■ ■ . 

(2) //(aoo,o,Coo,o) = (0,l), 



< 



''-- {a2 + 2a3 + a5)t-^ + ■ ■ ■ , 

ai + ai{—ai + 2«3 — 0:4 + Q;5)t~"^ + 



X 

2; = 1 + Q;4t~-^ + ■ ■ ■ , 
\^w = —as — as^as — ^4 + OiFj)t~^ + 



(3) //(aoo,o,Coo,o) = (1,0), 



' X = 1 + {a2 + 2a3 + a4)t~^ H , 

y = — «! — ai{ai — 2^3 — 04 + a5)t~^ + 
z = a^t'^ ■ ■ ■ , 

^w = 03 + a3(-a3 - 0:4 + a5)t"^ H . 



(4) //(aoo,o,Coo,o) = (1,1), 

X = 1 + (^2 + tt4)i(^""^ H , 

y = —ai — ai{ai + 2^3 — a4 + 0:5)^^"'^ + • • • , 
z = 1 + a^t'^ + ■ ■ ■ , 
^w = —03 — 03(03 — 04 + 05)^"^ + • • • . 

Proof. It can be proved by direct calculation. D 

Proposition 1.2. Suppose that for D^ ('^i)o<j<5, there exists a solution such that 
x,y,z,w are holomorphic att = 00. Moreover, assume that aoo,o and Coofi o,re both deter- 
mined. The solution is then unique. 



Proof. By Proposition ll.H we can set 

X = aoo,o + aoc-it~^ H h aoo-kt'^ + aoo-(k+i)t'^^^^'' H , 

y = boofi + boo,-it'^ + ■■■ + boo,-kt'^ + &oo,-(fc+i)t~^''+^^ + ■ ■ ■ , 

Z = Coo,0 + Coo,-l^ + ■ ■ ■ + C^o^^kt + Coo,-(fe+l)t '' + ■■■, 

^w = doo,o + doo,-it~^ H h doo-kt~^ + rfoo -(fc+i)i"^^^^^ H , 

where aoo,o, 0-00,-1, &oo,o, &oo,-i, Coo,o, Coo,-i, c^oo.o and d^o-i have been already determined. 
We treat the case where (aoo,o, Coo,o) = (0, 0). The other cases can be proved in the same 
way. 

Comparing the coefficients of the term t~^ [k > 1) in 

tx' = 2x^y + tx^ — 2xy — {t + (2^2 + 203 + 05 + 0:4)} x + (02 + 0^5) + 2z {{z — l)w + a^} , 

we have 

"fCQ-oo,— fc ~r ^ y ^ O-oo,— /""oo,— r«"oo,— n ' / ^ '^oo,— i'^oo,— m 



a 



oo,-(A:+l) 



- 2 ^ ttoo -i&oo -m - (2^2 + 2^3 + 05 + "4)^00 -fc 
~r ^ / ^ Coo,— iCoo,— m'^oo,— n --^ / ^ Cq^ _;Uoo,— m, 

5 



:i-i) 



where the first and fourth sums extend over the non-negative integers, /, m, n, such that 
l + m + n = k, and the second sum extends over the non-negative integers, /, m, such that 
I + 171 = k+1, and the third and fifth sums extend over the non-negative integers, /, m, n, 
such that I + m = k. 

Comparing the coefficients of the term t~^ {k > 1) in 

ty' = —2xy'^ + y^ — ^txy + {t + {2a2 + 20:3 + a^ + ^4)} y — ^i^, 

we obtain 

"00, — (fe+l) '^'^00,— k I ^ / J '^00,— i"oo,— m"oo,— n / ^ O(x>,—l'^oo,—m 

+ 2 ^ aoo-iboc-m - (2^2 + 2^3 + as + a4)&oo -fc, (1-2) 

where the first sum extends over the non-negative integers, /, m, n, such that l+m+n = k, 
and the second sum extends over the non-negative integers, /, m, such that I + m = k, 
and the third sum extends over the non-negative integers, /, m, such that I + m = k + 1. 
Comparing the coefficients of the term t~'^ {k > 1) in 

tz' = 2z'^w + tz^ — 2zw — {t + (as + a4)} 2; + as + 2yz(z — 1), 

we have 

^oo,— (fe+l) '^^00,— k ~r ^ / ^ C^Q—iCoQ—fjiUoQ—fi -\- ^ ^ (^00,— 1^00,— m 
- 2 2J Coo-ldoo-m - ("5 + tt4)Coo -fc 
~r ^ / ^ "00,— /Coo,— mCoo,— n ^ / ^ "co,— /Coo,— m; V-'-''^/ 

where the first and fourth sums extend over the non-negative integers, /, m, n, such that 
l + v(i + n = k, and the second sum extends over the non-negative integers, /, m, such that 
I + m = k + 1, and the third and fifth sums extend over the non-negative integers, l,m, 
such that I + m = k. 

Comparing the coefficients of the term t~^ {k > 1) in 

tw' = —2zw'^ H- w^ — 2tzw + {t + (as + a4)}w — a^t — 2y[—w + 2zw + as), 

we obtain 

'^00, — (fe+l) 1^(^00,— k ~r ^ / ^ C^Q—iUoQ—fYiU^Q—n / ^ '^00,— /'^oo,— m 

+ 2 2J Coo-ldoo-m - (tts + «4)c?oo,-fc 

-^ / ^ "00,— 1^00,— m ~r t: / ^ "00,— /Coo,— m'^00,— n ~r ■^a30oo,— A;; v-'-'^J 
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where the first and fifth sums extend over the non-negative integers, /, m, n, such that 
I + m + n = k, and the second and fourth sums extend over the non-negative integers, 
/, m, such that I + m = k, and the third sum extends over the non-negative integers, /, m, 
such that I + m = k + 1. 

Equations fITTT]) . (OD, (OD, and firi|) imply that a^o-k, &oo -fc, Coo-k, and doo-k are 
inductively determined, which proves the proposition. D 

Corollary 1.3. Suppose that for D^ ('^j)o<i<5, there exists a solution such that x,y, z,w 
are all holomorphic at t = oo. Then, 

y = if ai = 0, 
w = if a-i = 0. 

1.2 The case where one of [x, y, z, w) has a pole at t = cxd 

In this subsection, we treat the case where one of {x,y,z,w) has a pole at t = oo. For 
this purpose, we consider the following four cases: 

(1) X has a pole at t = cxo and y, z, w are all holomorphic at t = oo, 

(2) y has a pole at t = cxd and x, z, w are all holomorphic at t = oo, 

(3) z has a pole at t = oo and x, y, w are all holomorphic at t = oo, 

(4) w has a pole at t = oo and x, y, z are all holomorphic at t = oo. 

1.2.1 The case where x has a pole at t = oo 

Proposition 1.4. For D^ {cej)o<j<5, there exists no solution such that x has a pole at 
t = oo and y, z, w are all holomorphic at t = oo. 

Proof. It can be easily checked. D 

1.2.2 The case in which y has a pole at t = oo 

Lemma 1.5. Suppose that for D^ {'^j)o<j<5, there exists a solution such that y has a 
pole at t = oo and x, z, w are all holomorphic att = oo. y then has a pole of order one at 

t = oo. 



Proof. It can be proved by direct calculation. □ 

Proposition 1.6. Suppose that for D^ i'^j)o<j<5^ there exists a solution such that y has 
a pole at t = oo and x, z, w are all holomorphic at t = oo. Then, 6oo,i = —1, ~l/2. 



Proof. By comparing the coefficients of the term t in 

tx' = 2x^y + tx^ — 2xy — {t + {2a2 + 20:3 + 0:5 + a^)} x 



+ (0:2 + 0:5) + 2z{{z - l)w + 0:3} , 



we have 



aoo,o(aoo,o - l)(26oo,i + 1) = 0, 



which imphes that aoo,o = 0, 1 or 600,1 = —1/2- 
By comparing the coefficients of the term t^ in 

ty' = —2xy'^ + y^ — 2txy + {t + {2a2 + 20:3 + 0:5 + 0:4)} 1/ — ait, 

we get 

(&oo,i + l)(-2aoo,o + l) = 0, 

which imphes that 600,1 = — 1 or aoo,o = 1/2- 

Therefore, if aoo,o = 0, 1, it follows that 600,1 = —1- Furthermore, if 600,1 = ~l/2, it 
follows that aoo,o = 1/2- CH 

Let us ffist treat the case where 600,1 = — 1- 

Proposition 1.7. Suppose that for D^ (ttj)o<j<5) there exists a solution such thaty has a 
pole at t = 00 and x, z, w are all holomorphic at t = 00 and 600,1 = — 1- Then, aoo,o = 0, 1 
and Coo,o = 0, 1. 

(1) //(aoo,o,Coo,o) = (0,0), 

' X = -(^2 + "5)^""^ H , 

y = -t + ao + ao(tto + 20:3 + 0:4 - as)^"^ H , 

z = -a^t^^ -\ , 

^w = a3 + 03(03 + 0:4 - a5)t~^ H . 

(2) //(aoo,o,Coo,o) = (0,l), 

' X = (-^2 - 2^3 - a5)t'^ H , 

y = -t + ao + ao{ao - 20:3 + a^ - as)^""^ H , 

z = 1 — a^t^^ + ■ ■ ■ , 

^w = -as + a3(a3 - a4 + a5)t"^ H . 



(3) //(aoo,o,Coo,o) = (1,0), 



^ X = 1 — (q;2 + 2q;3 + a^jt ^ + ■ ■ ■ , 
y = —t — aQ + ao{ao — 2^3 — 04 + a5)t~^ + 



z - 
w 



as + as^as + a^ — 0:5)^"^ + 



(4) //(aoo,o,Coo,o) = (1,1), 



X = 1- {a2 + a4)t~^ H , 

y = -t - ao + ao{ao + 2a^ - 04 + 0:5)^"^ + ■ 

z = 1 — a^t'^ + ■ ■ ■ , 

w = — tta + a^ias — 0:4 + 05)^"^ + • • • . 



Proof. It can be proved by direct calculation. 



n 



Proposition 1.8. Suppose that for D 



(1), 



a 



j)o<j 



<5, there exists a solution such that y has 



a pole at t = 00 and x,z,w are all holomorphic at t = 00 and 600,1 = —1- Moreover, 
assume that a^ofl and Coo,o are both determined. The solution is then unique. 



Proof. It can be proved in the same way as Proposition 11.21 



D 



3)0<j 



,<5, there exists a solution such that y has a 



Corollary 1.9. Suppose that for Di^ '{a 

pole at t = 00 and x, z, w are all holomorphic at t = 00 and 600,1 = ~1- Then, 

y = -t if ao = 0, 
w = if a-i = 0. 



Let us deal with the case in which 600,1 = ~l/2. From the proof of Proposition II. 6[ it 
follows that aoo,o = 1/2- We first suppose that Coo,o = 1/2. 

Proposition 1.10. Suppose that for D^ ('^i)o<i<5, there exists a solution .such thaty has 
a pole of order one at t = 00 and x, z, w are holomorphic at t = 00 and Coo,o = 1/2. Then, 
000,0 = 1/2, aoo,~i = — tto + «i and either of the following occurs: 
(1) 2^3 + 0:4 + 0:5 7^ and 600,0 + c^oo.o = — «4 + as and 

_ {04 + a5){-a4 + a^) _ 2a3(-a4 + as) 

f^oo,o — 7^ : : , "00,0 — — ■ ■ , 

/as + 04 + 05 2as + 0:4 + 05 

(1 - 20s - O4 - 05)Coo,-l = (Oo + Oi)(-Oo + Oi), 
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(2) 6oo,o + doo,o = -"4 + "5 and 



a^ = 0, 04 + «5 = 0, 

or 

—04 + as = 0, 03 + 0^4 = 0. 

Proof. By comparing the constant terms 



m 



tx' = 2x^y + tx^ — 2xy — {t + (2^2 + 2a3 + 0:5 + a4)} a; 

+ (0:2 + as) + 2-2 {(-2 - l)w + as} 



we get 



&oo,0 + C^oo.O = -«4 + a5- 
By comparing the coefficients of the term t in 

ty' = —2xy'^ + y^ — 2txy + {t + (2a2 + 2a3 + as + 04)} y — ait, 

we have aoo,-i = — «o + «i- 

By comparing the constant terms in 

tw' = —2zw'^ + w'^ — 2tzw + {t + (as + a4)}w — a^t — 2y{—w + 2zw + as), 

we obtain 

2as&oo,o - ("4 + a^)doofi = 0. 

From (11.51) and (11.61) . it follows that 

(2as + a4 + as)(ioo,o = 2as(-a4 + as). 

By comparing the coefficients of the term t~^ in 

tx' = 2x^y + tx^ — 2xy — {t + (2a2 + 2as + as + a4)} x 

+ (a2 + as) +2z{{z - l)w + as} 
tz' = 2z^w + tz^ — 2zw — {t + (as + a4)} z + a^ + 2yz{z — 1), 



we obtain 



j -2(ao + ai)aoo -1 + &00 -1 - 4asCoo -1 + d^o-i = 0, 
l^oo -1 + 2(-l + a4 + as)coo -1 + doo,-i = 0. 



We then find that 



-2(ao + ai)(-ao + ai) + 2(1 - 2as - a4 - as)coo -1 = 0. 

10 



:i.5) 



:i.6) 
:i.7) 



If 2a3 + a4 + 0:5 7^ 0, it follows from (11 .Sp that 



^00.0 



(04 + a^){—ai + as) 
2^3 + 04 + as 



ioo,0 



2a3(— a4 + as) 
2a3 + a4 + as 



and 



(1 - 2a3 - a4 - a5)coo -1 = {qq + ai)(-ao + ai). 
If 2a3 + a4 + as = 0, it follows from fll.7p that 

a3 = 0, a4 + as = 0, 
or 
-a4 + as = 0, a3 + a4 = 0. 



D 

Proposition 1.11. Suppose that for D^ {'^j)o<j<5, there exists a solution such thaty has 
a pole of order one at t = 00 and x,z,w are all holomorphic at t = 00 and Coo.o = 1/2- 
Moreover, assume that 2a3 + a4 + as ^ Z. The solution is then unique. 

Proof. By Proposition II .101 we may set 

'X = 1/2 + Ooo -it"^ + Ooo -2^"^ H , 

y = -t/2 + 600,0 + &oo,-ir^ + ■ ■ ■ , 

-2 = 1/2 + Coo -lt~^ + Coo -2^"^ H , 

^w = doofi + doo-it'^ H , 

where Ooo-i, 6oo,0) Coo,-i, and cioo.o all have been determined. 

We calculate the coefficients, 000,-2, ^00,-1, Coo,-25 and doo-i- The other coefficients 
can be computed in the same way. 

By comparing the constant terms in 

ty' = —2xy'^ + y^ — 2txy + {t + (2a2 + 2a3 + as + a4)} y — ait, 

we have aoo,-2 = -26oo,o(2a2 + 2a3 + a4 + as). 
By comparing the coefficients of the term t~^ in 

tx' = 2x^y + tx^ — 2xy — {t + (2a2 + 2a3 + as + a4)} x 

+ (a2 + as) +2z{{z - l)w + a3} 
tz' = 2z^w + tz^ — 2zw — {t + (as + a4)} z + a^ + 2yz{z — 1), 
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we obtain 

^00,-2 + doo-2 = 4aoo,-2 + 4^00 _i&oo,0 

-2(2a2 + 2a3 + 04 + "5)000 -2 + 4c^ _^c?oo,o + 4a3Coo -2, 
^^oo -2 + '^00,-2 = 2(2 - 04 - a5)coo -2 + 2c^ _i(-a4 + as), 

which iinphes that 

(2 - 2^3 - ^4 - a^)coo~2 = 2aoo -2 + 2a^__i6oo,o 

- (2a2 + 2^3 + 04 + a5)«oo -2 + 2c^ _i(ioo,o - c^ -i(-"4 + "5)- 

By comparing the coefficients of the term t~^ in 

tz' = 2z'^w + tz^ — 2zw — {t + (0:5 + 04)} 2; + as + 2yz{z — 1), 

tw' = —2zw'^ + w^ — 2t2;u; + {t + (as + a4)} w — a3t — 2y{—w + 2zw + a3), 

we have 

600,-1 + 2(-l + a4 + as)coo,-i + (ioo -1 = 0, 

-2a36oo -1 + ("4 + "5 + l)c?oo -1 = 2Coo -l(iL,0 + 46oo,0Coo,-lC?oo,0- 

Since 2a3 + a4 + as ^ Z, 600,-1 and doa-i are both uniquely determined. D 

Proposition 1.12. Suppose that for Dl^ (Q^j)o<i<5) there exists a solution such thaty has 
a pole of order one at t = 00 and x, z, w are all holomorphic at t = 00 and Coo,o = 1/2. 
Moreover, assume that 6oo,0) c^oo.o 0,1"^ both determined and 2a3 + a4 + as = 0. The solution 
is then unique. 

Proof. The proposition follows from the proof of Proposition ll.lli D 

Proposition 1.13. Suppose that for D^ {cej)o<j<5, there exists a solution such thaty has 
a pole of order one at t = 00 and x, z, w are all holomorphic at t = 00 and Coo,o = 1/2. 
Moreover, assume that Coo,-i is determined and 2a3 + a4 + as = 1. The solution is then 
unique. 

Proof. The proposition follows from the proof of Proposition 11.111 D 

Corollary 1.14. Suppose that -D5 («j)o<i<5 has a solution such that y has a pole at 
t = 00 and X, z, w are all holomorphic at t = 00 and Coo,o = 1/2. Moreover, assume that 
2a3 + a4 + as = 0, (ioo,o = 0, and —a^ + ai = — a4 + as = 0. Then, 

ix,y,z,w) = il/2,-t/2,l/2,0). 
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Corollary 1.15. Suppose that Dl^ (<^j)o<i<5 has a solution such that y has a pole at 
t = oo and x, z, w are all holomorphic at t = oo and Coo,o = 1/2. Moreover, assume that 
ao = ai = 1/2, and —04 + 0:5 = 2^3 + 0:4 + as = 0. Then, 

{x,y,z,w) = {l/2,-t/2 + b,l/2,d), 

where b, d are both arbitrary complex numbers and satisfy b + d = 0. 

Let us treat the case where 600,1 = ~l/2 and Coo,o 7^ 1/2- 

Proposition 1.16. Suppose that for D^ (ttj)o<i<5) there exists a solution such that y 
has a pole at t = 00 and x,z,w are all holomorphic at t = 00 and Coo,o 7^ 1/2- Then, 
Ooo,o = 1/2, 0,00,-1 = —0^0 + Oil, 600,1 = —1/2 ond one of the following occurs: 
(1) —0:4 + as 7^ and 

_ (-a4 + a5)(2a3 + "4 + "5) _ ^s /I , -2a3(-a4 + as) 

Ooo,o — ; ) Coo,o — ; T" o? "00,0 



a4 + as — a4 + as 2 04 + a^ 

which implies that a4 + as 7^ and 600,0 + '^00,0 = —04 + as 7^ 0, 
(2) a4 + as 7^ and 

_ (a4 + as)(2a3 + a4 + as) _ as /I , _ (a4 + as)(2a3 + a4 + as) 
600,0 — ; 7 Coo,o — ; 7^ —7 "00,0 



— a4 + as a4 + as 2 — a4 + as 

which implies that —a^ + as 7^ and 600,0 + c^oo,o = 0, 
(3) a4 = as = and 

2a3 , 2a3 



■'00,0 „ -1 7 '-''00,0 



2Coo,0 — 1 ' 2Coo,0 ~ 1 

which implies that 600,0 + c^oo,o = = — a4 + as- 
Proof. By comparing the coefficients of the term t in 

ty' = —2xy'^ + y^ — 2txy + {t + (2a2 + 2a3 + as + 04)} y — ait., 
we have 

«oo,-l = — ttQ + ttl- 

By comparing the constant terms in 

tx' = 2x^y + tx^ — 2xy — {t + (2a2 + 2a3 + as + a4)} x 

+ (a2 + as) + 2z{{z - l)w + a3} , 
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we obtain 

boofl - 4Coo,o(Coo,0 - l)c?oo,o = -2^3 - ^4 + ^5 + 4a3Coo,0- (1-8) 

By comparing the constant terms in 

t2;' = 2z^w + tx? — 2zw — {t + (as + ai)} z + a^ + 2yz{z — 1), 
we have 

2Coo,o(Coo,0 - l)'^oo,0 - ("5 + tt4)Coo,0 + "5 + 26oo,oCoo,o(Coo,0 - 1) = 0. (1.9) 

From ([H]) and ([L9D, it follows that 

boofl = 7; -(2a3 + a4 + a5). (1.10) 

By comparing the constant terms in 

tw' = —2zw'^ + w'^ ~ 2tzw + {t + (as + a4)}w — a^t — 2y{—w + 2zw + 03), 

we have 

(2coo,o - l)^c?L,o + (2coo,o - l)(4a3 + a4 + a5)(ioo,o + 2a3(2a3 + a4 + as) = 0, 

which implies that 

-2a3 -2a3-a4-as zihn 

"00,0 = ) • (l-H) 

2Coo,0 ~ 1 2Coo,0 ~ 1 

If doofl = -2a3/(2coo,o - 1), it follows from (O]) and f lLTOj) that 

(-a4 + as)coo,o = "5- (1-12) 

If — a4 + as 7^ 0, we have Coo,o = «5/(— «4 + ^5) 7^ 1/2, which implies that a4 + as 7^ 

and 

_ (— a4 + a5)(2a3 + a4 + as) _ — 2a3(— a4 + as) 

f^oo.o — ; ) "00,0 — ; • 

a4 + as a4 + as 

If -a4 + as = 0, it follows from flLTOD . f lTTTD . flLT2D that 04 = as = and 

_ 2a;3 -2a3 

Ooo.O — T) "00,0 



2Coo,0 ~ 1 ' 2Coo,o ~ 1 

If doofl = (— 2a3 — a4 — as)/(2coo,o — 1), it follows from (II. 9p and (ll.lOp that 

(a4 + as)coo,o = "5- (1-13) 
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If 0^4 + a5 7^ 0, we obtain Coo,o = a5/(tt4 + Q^s) 7^ 1/2, which imphes that —04 + 0^5 7^ 
and 



(0:4 + a5)(2a3 + ^4 + as) 



^00,0 



rf. 



(04 + as) (2^3 + a4 + as) 



00,0 



— a4 + as ' — a4 + as 

If a4 + as = 0, it follows from f lLTOj) . f lLTTj) . flLTSj) that a4 = ag = and 

2a3 — 2a3 



^00,0 



2Coo ,0 ~ 1 



) "00,0 



2Coo ,0 ■" 1 



D 



Proposition 1.17. Suppose that for Di^ i'^j)o<j<5, there exists a solution such thaty has 
a pole at t = 00 and x,z,w are all holomorphic at t = 00 and Coo,o 7^ 1/2- Moreover, 
assume that a4 = as = and Coo,o ^^ determined. The solution is then unique. 

Proof. By Proposition I1.16[ we set 

'x = 1/2 + a^o-it'^ + floo -2^"^ H , 

y = -t/2 + 600,0 + 600,-1^^"^ H — , 

Z = Coo,0 + Coo -it + ■ ■ ■ ; 

^w = doofl + doc-it'^ H , 

where aoo,o, ^00,0, Coo,o and doo,o have all been determined. We compute the coefficients 
^00,-2, 600,-1, Coo,-i and doo-i- The other coefficients can be calculated in the same way. 
By comparing the constant terms in 

ty' = —2xy'^ + y^ — 2txy + {t + (2a2 + 2a3 + as + ai)}y — ait, 

we have 000,-2 = -26oo,o(2a2 + 2a3 + a4 + as). 
By comparing the coefficients of the term t~^ in 

tx' = 2x'^y + tx^ — 2xy — {t + (2a2 + 2a3 + as + a4)} x 



+ (a2 + as) + 2z{{z - l)w + a^} 



we obtain 



1, 



-1 + ("0 + tti)aoo,-i + 2coo,-ic?oo,o(2coo,o - 1) 

+ 2Coo,o(Coo,0 ~ l)c^oo,-l + 2a3Coo,-l = 0. 

By comparing the coefficients of the term t~^ in 

tz' = 2z^w + tz"^ — 2zw — {t + (as + a4)} z + a^ + 2yz{z — 1), 
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;i.l4) 



we have 

2Coo,-l<ioo,o(2Coo,0 ~ 1) + 2Coo,o(Coo,0 ~ ^)doD,-l + 26oo,0Coo,-l(2Coo,0 ~ 1) 

+ 26oo -lCoo,o(Coo,0 - 1) - ("5 + a4)Coo -1 = "Coo -1- (1-15) 

From equations (11 .Mp and fll.lSp . it follows that 

2 
boo-i = j7) ZTryi [*^"o + ai)aoo -i - (2^3 + ^4 + "5 + l)coo -1] • (1-16) 

By comparing the coefficients of the term t~^ in 

tw' = —2zw'^ + w"^ — 2tzw + {t + (0:5 + 0:4)} w — a^t — 2y{—w + 2zw + 0:3), 

we have 

- 203600 -1 - doo-i = -2coo -i(i^,0) (1-17) 

where we have used the condition, 04 = as = 0. Therefore, doo-i is given by 

4^3 

c^oo -1 = 77; 7T7 [-("0 + ai)aoo.-i + Coo -1] • (1-18) 

(2Coo,0 - 1) 

Thus, from equation I1.15[ we obtain 

Coo,-i = 4coo,o(coo,o - l)(«o + ai)aoo,-i(2a3 - 1), 
which determines 600,-1 and (ioo,-i- □ 

Corollary 1.18. Suppose that for D^ (1/2, 1/2, a2; ct3, 0, 0), there exists a solution such 
that y has a pole at t = 00 and x,z,w are all holomorphic at t = 00 and Coo,o ¥" 1/2- 
Then, 

1 t 2^3 2^3 , 1 

X = -, y = 1 , z = c, w = , c ^ - 

2' ^ 2 2c -1 2c -1' ^2 

and the solution is unique. 

Remark 

If 0^3 7^ 0, S3 transforms the parameters and solution of Corollary 11.181 into those of 
Corollary 11.151 If 0:3 = 0, S3S2S1S0 does so. 

Corollary 1.19. Suppose that for Dl^ (1/2— ^25 l/2~ct2, 0^2, 0, 0, 0), there exists a solution 
such that y has a pole at t = 00 and x, z, w are all holomorphic at t = 00 and Coo,o ¥" 1/2- 
Then, 

{x,y,z,w) = il/2,-t/2,c,0), c ^ 1/2, 

and the solution is unique. 
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Remark 

If ^2 7^ 0, S3S2 transforms the parameters and solution of Corollary 11.191 into those of 
Corollary 11.151 If 02 = 0, S3S2S1S0 does so. 

1.2.3 The case where z has a pole at t = 00 

Proposition 1.20. For D\ (aj)o<j<5) ^/^ere exists no solution such that z has a pole at 
t = 00 and X, y, w are all holomorphic at t = 00. 

Proof. It can be easily checked. D 

1.2.4 The case where w has a pole at t = 00 

Lemma 1.21. Suppose that for Di^ ('^j)o<i<5; there exists a solution such that w has a 
pole at t = 00 and x, y, z are all holomorphic at t = 00. w then has a pole of order one at 

t = 00. 

Proof. It can be easily checked. D 

Lemma 1.22. Suppose that for D^ {'^j)o<j<5, there exists a solution such that w has a 
pole of order one at t = 00 and x, y, z are holomorphic at t = 00. Then, doo,i = —1, —1/2- 

Proof. It can be proved by direct calculation. D 

Let us first suppose that d^o^i = — 1- 

Proposition 1.23. Suppose that for D\^ (q^j)o<j<5) there exists a solution such that w 
has a pole at t = 00 and x,y,z are all holomorphic at t = 00 and doo,i = —1- Then, 
aoo,o = 0, 1 and Coo,o = 0, 1. 
(1) //(aoo,o,Coo,o) = (0,0), 

a; = («2 - Oi5)i^^ H , 

y = ai + ai(— «! — 2^3 — 04 — 30^)1^^ + ■ ■ ■ , 

z = -a^>t~^ H , 

w = -t + (ao - «i + 2^2 + 03) 

+ {(ao - ai + 2^2 + a3)(tto + oti + 2^2 + as + «4 - as) + 2ai(ai + as + a4 + a^)} t^^ 
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(2) //(aoo,o,coo,o) = (l,0), 

a; = 1 + (^2 + 2^3 + ^4 + 2a;5)t"^ H , 

y = —ai — ai{ai — 20:3 — 04 — 3a5)t~^ + ■ • • , 

z = -a^t~^ H , 

w = —t + (tto + 3ai + 2^2 + as) 

+ {(ao + 3ai + 2^2 + Ofi){oto + ai + 2a;2 + 0:3 + 0:4 - 0:5) + 2ai(«i - ^3 - 04 - a^)}t^^ + ■ 

(3) //(aoo,o,Coo,o) = (0,1), 

X = {a2 + 2^3 + 2^4 + a^)t~^ H , 

y = ai + ai{—ai + 20:3 + 80:4 + a^)t~^ + • • • , 

z = 1 — a^t'^ + ■ ■ ■ , 

w = —t — (ao + 3a;i + 2^2 + 03) 

+ {("o + Sai + 2^2 + «3)(«o + «! + 2^2 + 03 — «4 + «5) + 2Q;i(ai — 03 — ^4 — a^)} t~^ + • 

(4) //(aoo,o,Coo,o) = (1,1), 

X = 1 + (^2 — 04)^^"'^ + • • • , 

y = — «! — ai(ai + 2^3 + 80:4 + 05)^^"'^ + • • • , 

z = 1 — a^t"^ + • • ■ , 

w = —t + (— ao + ai — 2a;2 — ^3) 

+ {(-ao + ai - 2^2 - a^){-aQ - ai - 2a;2 - 0:3 + "4 - "s) + 2q;i(q;i + 03 + 0:4 + 0:5)} t~^ + ■ 

Proof. It can be proved by direct calculations. D 

Proposition 1.24. Suppose that for D^ (aj)o<j<5, there exists a solution such that w 
has a pole at t = 00 and x,y, z are all holomorphic at t = 00 and doo,i = —1- Moreover, 
assume that aoo,o CL'fid Coo,o cf'"^ both determined. It is then unique. 

Proof. It can be proved in the same way as Proposition 11.21 D 

Corollary 1.25. Suppose that for Dr^ {'^j)o<j<5, there exists a solution such that w has 
a pole at t = 00 and x, y, z are all holomorphic at t = 00 and (ioo,i = —1- Then, 

y = if ai=0. 

Now, let us suppose that doo,i = ~l/2. 

18 



Proposition 1.26. Suppose that for D^ (%)o<j<5) there exists a solution such that w 
has a pole at t = oo and x,y,z are all holomorphic at t = oo and d^o^i = —1/2. Then, 
tti = and 



where 



1 



X 



+ aoo,~it ^ + 



y = boo,o + boo -it ^ H , 

z = - + {-ao - tti - 2a2)t -\ , 



w 



-t 



Joo,0 



+ doQ-it + ■ ■ • , 



&oo,0 + doofl = -0:4 + 0:5. 

Proof. It can be proved by direct calculations. 



D 



1.3 The case where two of {x, y, z, w) have a pole at t = 00 

In this subsection, we deal with the case in which two of (a;, y, z, w) have a pole at t = 00. 
For this purpose, we consider the following six cases: 

(1) X, y both have a pole at t = 00 and z, w are both holomorphic at t = cxd, 

(2) X, z have a pole at t = 00 and y, w are both holomorphic at t = 00, 

(3) X, w have a pole at t = 00 and y, z are both holomorphic at t = 00, 

(4) y, z have a pole at t = 00 and x, w are both holomorphic at t = 00, 

(5) y, w have a pole at t = 00 and x, z are both holomorphic at t = 00, 

(6) z, w have a pole at t = 00 and x, y are both holomorphic at t = 00. 
If case (4) or (5) occurs, we can obtain necessary conditions for Di^ 1 
meromorphic solution at t = 00. 



a 



j)0<j<5 



to have a 



1.3.1 The case where x,y have a pole at t = 00 

Proposition 1.27. For D^ («j)o<j<5, there exists no solution such thatx,y both have a 
pole at t = 00 and z, w are both holomorphic at t = 00. 



Proof. It can be easily checked. 



D 



1.3.2 The case where x,z have a pole at t = 00 

Proposition 1.28. For Di^ ('^i)o<j<5? there exists no solution .such thatx,z both have a 
pole at t = 00 and y, w are both holomorphic at t = 00. 



Proof. It can be easily checked. 



D 
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1.3.3 The case where x,w have a pole at t = oo 

Proposition 1.29. For D^ (<^i)o<j<5, there exists no solution such thatx,w both have a 
pole at t = oo and y, z are both holomorphic at t = oo. 

Proof. It can be easily checked. D 

1.3.4 The case where y,z have a pole at t = oo 

Lemma 1.30. Suppose that for D^ ioij)o<j<5, there exists a solution such thaty,z both 
have a pole at t = oo and x, w are both holomorphic at t = oo. y then has a pole of order 
one at t = oo. 

Proof. It can be proved by direct calculation. D 

Proposition 1.31. Suppose that for Dl^ (%)o<j<5) there exists a solution such thaty,z 
both have a pole at t = oo and x, w are both holomorphic at t = oo. Then, 

1 . X -1 

x = - + {-ao + ai)t H , 

1 1 

y = --t + (n + 2^3 + ^4 + "5)^ " + ■■•, 

z = r /"-!-■■■ 

Coo,n 

where Coo,n is not zero. 

Proof. It can be proved by direct calculation. D 

Corollary 1.32. Suppose that for D^ \'^j)o<j<5, there exists a solution such thaty,z both 
have a pole at t = 00 and x,w are both holomorphic at t = 00. Moreover, assume that 
«3 7^ 0. S3 then transforms {x,y,z,w) into a solution such that s^i^y) has a pole of order 
one at t = 00 and all of ss{x, z, w) are holomorphic at t = 00. 

Proof. By direct calculation, we find that ss{x,y, z,w) is a solution of -D5 {ao, ai, a2 + 
as, —0:3, 0:4 + 0:3, 0:5 + 0:3) and one of the following occurs: 

(1) S3{y) has a pole of order one at t = 00 and all of S3{x,z,w) are holomorphic at 
t = 00, 

(2) S3{y) has a pole of order one at t = 00 and S3 (-2) has a pole of order m {1 < m < n) 
and both of Ss{x,w) are holomorphic at t = 00. 

If case (1) occurs, the corollary is proved. 
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Let us suppose that case (2) occurs. It then follows from Proposition 11.311 that 
On the other hand, by direct calculation, we find that 

S3{w) = -^^r" + ■ ■ ■ , 

Coo,n 

which is contradiction. D 

By Corollary 11.321 we can obtain necessary conditions. 

Proposition 1.33. Suppose that for D^ i'^j)o<j<5^ there exists a solution such thaty,z 
both have a pole at t = oo and x, w are both holomorphic att = oo. Either of the following 
then occurs: (1) —a^ + as = 0, (2) 0:4 + as = 0. 

Proof. Let us first suppose that a^ 7^ 0. We prove that if as 7^ 0, — a4 + as = or a4 + as = 
0. From Corollary ll.32l it follows that for D^ (ao, ai, a2 + a3, —as, a4 + a3, as + as), s^{y) 
has a pole of order one at t = 00 and all of S3{x, z, w) are holomorphic at t = 00. 

Assume that for S2,{x,y,z,w), Coo,o = 1/2- Then, case (1) or (2) occurs in Proposition 
11.101 If case (1) occurs, it follows that — a4 + as = 0, because for S3(x, y, z, w), (ioo,o = 0. 
If case (2) occurs, then a^ = 0, which is contradiction. 

Assume that for S3{x,y,z,w), Coo,o 7^ 1/2. Then, one of cases (1), (2), (3) occurs in 
Proposition I1.16[ If case (1) occurs, then as = 0, because for S3{x,y, z,w), (ioo,o = 0. 
However, this is impossible. If case (2) occurs, then a4 + as = 0, because for ss(a;, y, z, w), 
doofi = 0. If case (3) occurs, then as + a4 = as + as = 0, which implies that — a4 + as = 0. 

Let us suppose that as = 0. Now, we can assume that a4 7^ or as 7^ 0. If a4 7^ 0, 
S4(x, y, z, w) is then a solution of Dg (ao, ai, a2, a4, — a4, as) such that Si{y) has a pole of 
order one at t = 00 and 54(2;) has a pole of order n and both of 54(0;, w) are holomorphic 
at t = 00. Therefore, it follows that a4 + as = or — a4 + as = 0. If as 7^ 0, we use ss in 
the same way and can obtain the necessary conditions. D 

1.3.5 The case in which y^w have a pole at t = 00 

Lemma 1.34. Suppose that for D^ i(^j)o<j<5^ there exists a solution such that y,w both 
have a pole at t = 00 and x,z are both holomorphic att = 00. Both ofy,w then have a 
pole of order n {n > 1) att = 00. 

Proof. It can be easily checked. D 

Let us treat the case in which y, w have a pole of order ri > 2 at t = 00. 
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Proposition 1.35. Suppose that for Di^ (%)o<j<5 there exists a solution such that y,w 

both have a pole of order n {n > 2) at t = oo and x, z are both holoraorphic at t = oo. 

Then, 

11 

x= - + -TjT {-n + 2^2 + 2a3 + 04 + "5)* " H , 

y = hoo.nf^ H \- boo,2t'^ + boo,lt + boofi H , 

z = - + 1-7 i-n + 2^3 + 04 + as)^"'' + ■ ■ ■ , 

^W = doo,nt^ + ■ ■ ■ + doo,2t + doo,it + (ioo.O + ■ ■ ■ ; 

where 

hoo,k + c?oo,fc = (2 < A; < n), 600,1 + c?oo,i = -- and 600,0 + c?oo,o = -"4 + "5- 
Proof. It can be proved by direct calculation. D 

Corollary 1.36. Suppose that for D^ (ttj)o<i<5 there exists a solution such that y,w 
both have a pole of order n {n > 2) at t = 00 and x, z are both holoraorphic at t = 00. 
Moreover, assume that 02 7^ 0. S2 then transforms (x, y, z, w) into a solution such that 
one of the following occurs: 

(1) S2{y) has a pole of order one at t = 00 and all of S2{x,z,w) are holoraorphic at 
t = 00; 

(2) S2{w) has a pole of order one at t = 00 and all of S2{x,y,z) are holomorphic at 
t = 00; 

(3) both ofs2{y, w) have a pole of order one at t = 00 and both ofs2{x, z) are holomorphic 
at t = 00. 

Proof If n = 2, by direct calculation, we can prove the corollary. Suppose that n > 3 and 
none of cases (1), (2) and (3) occurs. S2(x, y, z, w) is then a solution of D^ '{ao + 02, cti + 
«2, — «2, «3 + ^2, «4, ^5) such that both of S2{y,w) have a pole of order m {2 < m < n) 
at t = 00 and both of 52(0;, z) are holomorphic at t = 00. Moreover, by direct calculation, 
we find that 

S2{y) = y^^rrT + ■ ■ ■ , ^2(X) - S2{z) = -^t"" + ■ ■ ■ . 

"00, n 

On the other hand, it follows from Proposition 11.351 that 

S2{x)-S2{z) = ^t-^+---, 

which is contradiction. D 

Now, let us suppose that y, w have a pole of order one at t = 00. 
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Proposition 1.37. Suppose that for Di^ ('^i)o<j<5) there exists a solution such thaty,w 
both have a pole of order one at t = oo and x, z are both holomorphic at t = oo. One of 
the following then occurs: 

(1) (6oo,l,rfoo,l) = (-l,l), 

(2) 6oo,i + doo,i = -1/2 and a^co = Coo,o = 1/2. 



D 



-1,1). 



Proof. It can be proved by direct calculation. 

We first deal with the case where (6oo,i, c?oo,i) 

Proposition 1.38. Suppose that for D^ {oij)o<j<5, there exists a solution such thaty,w 
both have a pole of order one at t = oo and x, z are both holomorphic at t = oo and 
boo,i = -1, c?oo,i = 1. Then, aoo,o = 0, 1 and Coo,o = 0, 1. 

(1) -(/■(aoo,o,Coo,o) = (0,0), 

'' X = (-0:2 + a5)t^^ H , 

y = -t + ao + ao{ao + 20:3 + 0:4 + 80:5)^^ H , 

z = a^t'^ H , 

^w = t+ (-ao + tti + 2q;2 + as) H . 

(2) //(aoo,o,coo,o) = (0,l), 

X = (-0:2 — 2^3 — 2^4 — Q;5)t~^ + ■ ■ ■ , 
y = —t + ao + Q;o(ao — 20:3 — 80:4 — a^)^^ + ■ ■ • , 
z = 1 + ait~^ + ■ ■ ■ , 
^w = t + (— 8q;o — «! — 2q;2 — 0^3) + ■ ■ ■ . 

(8) //(aoo,o,Coo,o) = (1,0), 

X = \ + (— ^2 — 2^3 — 0:4 — 2a^)t~^ + ■ ■ ■ , 

y = —t — a^ + OiQ^aQ — 2az — 0:4 — 'ia^^t~^ + ■ ■ ■ , 

z = a^t'^ H , 

w = t + (8q;o + «! + 2q;2 + ^s) H • 



(4) //(aoo,o,Coo,o) = (1,1), 



a; = 1 + (-^2 + 04)^""^ H , 

y = —t — ao + Q;o(ao + 2a3 + 8^4 + arj)t~^ + ■ 
z = 1 + a^t"^ + ■ ■ ■ , 

^w = t + (tto - tti - 2(^2 - as) H . 
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Proof. It can be proved by direct calculation. D 

Proposition 1.39. Suppose that for D^ i'^j)o<j<5, there exists a solution such thaty,w 
both have a pole of order one at t = oo and x, z are both holomorphic at t = oo and 
boo,i = "1, doo,i = 1- Moreover, assume that aoo,o '^^^^^ Coofi (^'^^ both determined. The 
solution is then unique. 

Proof. It can be proved in the same way as Proposition ll.2[ D 

Corollary 1.40. Suppose that for D\^ (Q^i)o<j<5; there exists a solution such that y,w 
both have a pole of order one at t = oo and x, z are both holomorphic at t = oo and 
&oo,i = -1, c?oo,i = 1- Then, 

y=-tlfao = 0. 



Let us treat the case where 6oo,i + doo,i = —1/2 and aoo,o = Coo,o = 1/2- 

Proposition 1.41. Suppose that for D^ («j)o<j<5; there exists a solution such thaty,w 
both have a pole of order one at t = oo and x, z are both holomorphic at t = oo and 
booA + doo,i = -1/2 and aoo,o = Coo,o = 1/2. Then, 6oo,o + c?oo,o = -"4 + as and one of the 
following occurs: 
(1) Oq — ai y^ and 

_ t _ ""^i _ (— ao + ai)(ao + tti + 2^2) ao + ai 

O-oo-l — — ao + ttl; Ooo,l — ; , Coo,-1 — ; , Woo,! 






(2) ao + «i 7^ and 



_ , _ -ai _ (ao + ai)(ao + ai + 2a2) _ -ao + ai 

C^oo, — 1 U, OqqI ■ , Coo —1 I ; Woo 1 7T7 , \"' 

ao + ai — ao + ai 2(ao + aij 

(3) ao = ai = and 

-2a2 

(^oo, — 1 U, Coo,— 



26oo,i + 1 



Proof. 7r2(z, y, z, w) is a solution of D5 (as, a^, as, a2, ai, ao) such that TT2{y) has a pole 
of order one at t = 00 and 7i2{x) , tt2{z) , tt2{w) are holomorphic at t = 00. Moreover, 
for 7i2ix,y,z,w), 600,1 = —1/2 and Coo,o 7^ 1/2. Therefore, the proposition follows from 
Proposition 11.161 D 

Proposition 1.42. Suppose that for D\^ (Q^i)o<j<5) there exists a solution such that y,w 
both have a pole of order n {n > 2) at t = 00 and x, z are both holomorphic at t = 00. 
One of the following then occurs: (1) — ao + ai = 0, (2) ao + ai = 0. 
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Proof. We first prove that if 0:2 7^ 0, tlien —ao + ai = or ao + «i = 0. Since 0:2 7^ 0, 

S2{x, y, z, w) is a solution of D5 (ao + 0:2, ai + 0:2, — ^25 ^3 + ^2, ^4, ^5) such that one of 

the following occurs: 

(i) S2{y) has a pole of order one at t = 00 and all of S2{x,z,w) are holomorphic at 

t = 00, 

(ii) S2{w) has a pole of order one at t = 00 and all of S2{x,y,z) are holomorphic at 

t = 00, 

(iii) S2{y, w) have a pole of order one at t = 00 and both of S2{x, z) are holomorphic at 

t = 00. 

If case (i) occurs, then — ao + ai = 0, because for S2{x,y,z,w), aoo,-i = 0. If case (ii) 
occurs, then ao + ai = 0, because for S2{x,y,z,w), Coo-i = 0. If case (iii) occurs, then 
ao + ai = 0, because for S2{x, y, z, w), Coo-i = 0. 

Let us suppose that a2 = 0. We can then assume that ao 7^ 0, or ai 7^ 0. If ao 7^ 0, 
So{x,y, z,w) is then a solution of D5 (— ao, ai, ao, as, a4, a5) such that both of so{y,w) 
have a pole of order n at t = cxo and both of Sq{x, z) are holomorphic at t = 00. It then 
follows from the above discussions that ao + ai = or — ao + ai = 0. 

If ai 7^ 0, we use Si in the same way and can obtain the necessary conditions. D 

1.4 The case where three of {x, y, z, w) have a pole at t = 00 

In this subsection, we treat the case in which three of {x,y,z,w) have a pole at t = 00. 
For this purpose, we consider the following four cases: 

(1) y, z, w all have a pole at t = 00 and x is holomorphic at t = 00, 

(2) X, z, w all have a pole at t = 00 and y is holomorphic at t = 00, 

(3) X, y, w all have a pole at t = 00 and z is holomorphic at t = 00, 

(4) X, y, z all have a pole at t = 00 and w is holomorphic at t = 00. 

1.4.1 The case where y,z,w have a pole at t = 00 

Proposition 1.43. For D^ ioij)o<j<5, there exists no solution such that y,z,w all have 
a pole at t = 00 and x is holomorphic at t = 00. 

Proof. It can be easily checked. D 

1.4.2 The case where x,z,w have a pole at t = 00 

Proposition 1.44. For D^ (<^j)o<j<5) there exists no solution such thatx,z,w all have 
a pole at t = 00 and y is holomorphic att = 00. 

Proof. It can be easily checked. D 
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1.4.3 The case where x,y,w have a pole at t = oo 

Proposition 1.45. For D^ ('^i)o<j<5) there exists no solution such that x,y,w all have 
a pole at t = oo and z is holomorphic at t = oo. 

Proof. It can be easily checked. D 

1.4.4 The case where x,y,z have a pole at t = oo 

Proposition 1.46. For D\^ ('^i)o<i<5) there exists no solution such that x,y,z all have 
a pole at t = oo and w is holomorphic at t = oo. 

Proof. It can be easily checked. D 

1.5 The case where all of (x, y, z, w) have a pole at t = oo 

In this subsection, we treat the case in which all of {x, y, z, w) have a pole at t = oo. 

Proposition 1.47. For D)^ (<^j)o<j<5; there exists no solution such that x,y, z,w have a 
pole at t = oo. 

Proof. It can be easily checked. D 

1.6 Summary 

1.6.1 Summary for type A 

If 6oo,i + doo,i 7^ ~l/2) we say that {x, y, z, w) is a solution of type A. 

Proposition 1.48. Suppose that for Di^ (<^i)o<i<5) there exists a meromorphic solution 
at t = oo of type A. One of the following then occurs: 

(1) X, y, z, w are all holomorphic at t = oo, 

(2) y has a pole of order one at t = oo and x, z, w are all holomorphic at t = oo, 

(3) w has a pole of order one at t = oo and x, y, z are all holomorphic at t = oo, 

(4) y, w both have a pole of order one at y = oo and x, z are both holomorphic att = oo. 
U (^00,0 o,nd Coo,o (ii"G both determined in each of cases (1), (2), (3) and (4), the solution 

is unique. 
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1.6.2 Summary for type B 

If boo,i + doQ,i = —1/2, we say that (x, y, z, w) is a solution of type B. 

Proposition 1.49. (1) Suppose that for DIj (ttj)o<j<5) there exists a meromorphic so- 
lution at t = oo of type B. One of the following then occurs: 

(i) y has a pole of order one at t = oo and x, z, w are all holomorphic at t = oo, 
(ii) w has a pole of order one at t = oo and x, y, z are all holomorphic att = oo, 
(iii) y has a pole of order one at t = oo and z has a pole of order n {n > 1) at t = oo 
and x,w are both holomorphic att = oo, 

(iv) y, w both have a pole of order n (n > 1) at t = oo and x, z are both holomorphic at 
t = oo. 

(2) Suppose that for D^ (<^i)o<i<5, there exists a solution of type B. y + w then has a 
pole of order one at t = oo and 6oo,o + c^oo.o = 0, —04 + a^. 

In order to classify the rational solutions of type B, we find it important to investigate 
the case where y has a pole at t = 00 and Coo,o = 1/2. 

2 Meromorphic solutions at t = 

In this section, we compute the Laurent series of {x,y,z,w) at t = for D^ icij)o<j<5- 
We can prove the following proposition in the same way as discussions in Section 1. 

Proposition 2.1. Suppose that for Di^ (<^j)o<j<5, there exists a meromorphic solution at 
t = 0. One of the following then occurs. 

(1) x,y,z,w are all holomorphic at t = 0; 

(2) X has a pole of order one at t = and y, z, w are all holomorphic at t = 0; 

(3) z has a pole of order n {n > 1) at t = and x, y, w are all holomorphic at t = 0; 

(4) X has a pole of order one at t = and z has a pole of order n (n > 1) at t = 
and y, w are both holomorphic at t = 0; 

(5) y, w both have a pole of order n {n>l) at t = and x, z are both holomorphic at 
t = 0. 

In order to determine the meromorphic solutions at t = 0, we set 

^x = ao,noi"" + ao,n„-it"""' + ■ ■ ■ + ao,no+fe^""+'' + ■ ■ ■ , 

y = bo,n,t"' + 6o,ni-lt"^"^ + ■ ■ ■ + ao,ni+fet"i+' + " " " , 
Z = C^,n,t^' + Co,„2-lt"^~' + ■ ■ ■ + Co,„2+fet"2+'= + ■ ■ ■ , 
W = rfo,„3^"' + C?0,n3-1^"'~' + ■ ■ ■ + rfo,n3+fct"'+'' + " " " , 
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where ?T,o,'n.i,'n.2, ris are all integers. Especially, we note that a^-i = Rest=oa; and the 
constant terms of y and w are given by 60,0 and do.o- 

The aim of this section is to show that ao,-i = — ao + Q^i and feo,o + c^o.o = 0, —0:4 + 05. 

2.1 The case where x, y, z, w are all holomorphic at t = 

In this subsection, we treat the case where x, y, z, w are all holomorphic at t = 0. 

Proposition 2.2. Suppose that for D}^ ('^j)o<j<55 there exists a solution such that 
X, y, z, w are all holomorphic at t = 0. Then, 

bo,o + dofl = or - 04 + a^. 
Proof. By comparing the constant terms in 

tx' = 2x^y + tx^ — 2xy — {t + {2a2 + 20:3 + 0:5 + 04)} x 

+ {a2 + as) + 2z {{z - l)w + 03} 
ty' = —2xy'^ + y^ — 2txy + {t + {2a2 + 2^3 + as + a^)} y — ait 
tz' = 2z^w + tz"^ - 2zw - {t + (as + a4)} z + as + 2yz{z - 1) 
tw' = —2zw'^ + w^ — 2tzw + {t + (as + a4)} w — a^t — 2y{—w + 2zw + a^), 

we have 

2^0,0^0,0 - 2ao,o&o,o - (2a2 + 2a3 + as + a4)ao,o 

+ (a2 + as) + 2co,o(co,o - l)c?o,o + 2a3Co,o = 0, (2.1) 

-2ao,o6o,o + ^0,0 + (2tt2 + 2a3 + as + a4)6o,o = 0, (2.2) 

2co,o'^o,o - 2co,o(io,o - (as + a4)co,o + as + 26o,oCo,o(co,o - 1) = 0, (2.3) 

-2co,oc^o,o + ^0,0 + («5 + a4)rfo,o + 26o,o'^o,o - 46o,oCo,oC?o,o - 2a36o,o = 0, (2.4) 

respectively. From (12. ip and (12.21) . we get 

- «o,o&o,o + ("2 + as)6o,o + 26o,oCo,o(co,o - l)c?o,o + 2a36o,oCo,o = 0. (2.5) 

From (EJD and (EJD, we obtain 

- cofidlo + asrfo.o - 26o,oCo^o^o,o - 2a36o,oCo,o = 0. (2.6) 

Equations (12.51) and (12.61) imply that 

-ao,oblfi + {a2 + a5)bofl-2boflCofldofl + 2a3boflCo,o-cofldlQ + a5dofl-2asboflCo,o = 0. (2.7) 
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From ( I2.2p . we have 

«o,o&o,o = 2^0,0 + f "2 + "3 + 2^5 + 2^4 1 Vo- (2.8) 

From ([22D and ([2SD, we get 



-'-1,2 , / „, , 1„, -'-„, W OJ, „ J „ J2 



- 2^0.0 + ( ~"3 + 2^5 - 2^4 1 &o,o - 26o,oCo,oc?o,o - Co,oc?o,o + "5C?o,o = 0. (2.9) 

By (1231), we obtain 

'2\oCo,odo,o = -Co,oC?o,o + 9^0,0 + ( ^^^ + 9"^ ) ^°'° "^ ^O'O^o.o - «3&o,o- (2.10) 

From ([21]) and fl2:T0|) . we find that 

- 2(^0 + c?o,o)(Vo + do,o + «4 - "5) = 0, (2.11) 

which imphes that 

bo,o + do,o = or - ^4 + "s- 

D 

2.1.1 The case where 60,0 + c^o.o = 

Let us treat the case where 60,0 + c^o.o = and 60,0 = 0. 

Proposition 2.3. Suppose that for DI^ ('^i)o<j<5) there exists a solution such that 
X, y, z, w are all holomorphic at t = and 60,0 + c^o,o = 0, 60,0 = 0. One of the fol- 
lowing then occurs: 

(1) ao = «! = 04 = as = 0, 

(2) ao + «! 7^ and 0:4 = 0:5 = and 

_ -tti _a3(-ao + «i) 

Oo.i — ; 5 "0,1 — ; ; 

ao + «! «o + cti 

(3) ao = «i = and 04 + as 7^ anc? 

_ as 02(04-05) _ os 

«o,o — ^ \ : , Co,o — : , 

04 + 05 04 + Os Oii + Q^s 
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(4) tto + tti 7^ and 0:4 + 0:5 7^ 0, 



_ -«! as 

Oo,i — ; , Co,o 



ao + ai ' 0:4 + 0:5 
and one of the following occurs: 

(i) If ao + ai = 1 and ^4 + 0:5 = 1, one of the following occurs. 

(a) ao = ai = 1/2, 0:2 = 0, as = —1/2, (b) ^2 = —1/2, as = 0, a4 = as = 1/2, 

(c) ao = ai = 1/2, a4 = a^ = 1/2. 
(ii) //ao + ai 7^ 1 and a4 + as = 1, 

as = 0, or ao = ai, 

and 

_ . a2(-a4 + a5) _ 

^^0,0 — Ci5 ~^ ; ^? Coo — as- 

ao + ai — 1 

(iii) If ao + ai = 1 and 0:4 + as 7^ 1, 

0:2 = 0, or 0:4 = as 

and 

_ > _ "3(ao - ai) 

00,1 — — ai, ao,i — ; -■ 

a4 + as — 1 

(iv) // ao + ai 7^ 1 and a4^ + a^ j^ 1, 

_ as a2(-a4 + a5) -ai 

Oo,0 — ; r 7 ; 77 ; -r , Oo,: 



a4 + as (a4 + a5)(ao + ai — 1) ' ' ao + ai ' 

_ as , _ "3(ao - ai) 

Co,o — : 5 "0,1 — 7 : r? : tt- 

a4 + as (ao + aij(a4 + as — Ij 

Let us deal with the case where 60,0 + do,o = and 60,0 7^ 0. 

Proposition 2.4. Suppose that for D^ (aj)o<j<s, there exists a solution such that 
X, y, z, w are all holomorphic at t = and 60,0 + c^o,o = and 60,0 7^ 0. Then, 

11, ,1 11/ N 1 , , 

ao,o = o + o(2a2 + 2as + a4 + asj^^, co,o = 77 + o(2as + a4 + asJT — , ao,o = -Oo,o- 
z z Oo,o ^ ^ Oo,o 

Moreover, one of the following occurs: 

(1) a4 = as = 0, 

(2) co,o = 1/2 and —a^ + as = and as + a4 = 0, 

(3) co,o = as/(a4 + as) 7^ 1/2, and 

_ as a2(— a4 + as) , _ (a4 + as)(2a3 + a4 + as) 

'^0,0 — \ \- 7 : TTT^ : : T; f^o^o — ■ , 

a4 + as (a4 + a5J(2as + a4 + as) — a4 + as 

_ as . _ (a4 + as)(2as + a4 + as) 

Co,o — ; 1 "0,0 — ; • 

a4 + as — a4 + as 
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2.1.2 The case where 60,0 + c^o.o = — ^4 + ^5 7^ 
Now, let us suppose that 60,0 + c^o.o = — «4 + «5- 

Proposition 2.5. Suppose that for D5 (aj)o<j<5; i/iere exists a solution such that 
X, y, z, w are all holomorphic at t = and 69,0 + c^o,o = ~'^4 + 05 7^ 0. Then, 

1 as 

co,o = 77, or 



2 —04 + as 

Proof. From fl2.3p . it follows that 

2(-a4 + a5)co,o + («4 - 3as)co,o + as = 0. 

By solving this quadratic equation with respect to co,o, we have 

1 as 

Co,o = o, or 



2 — a4 + as 



Let us treat the case where 60,0 + c^o.o = ~«4 + c^s 7^ and Co,o = 1/2. 



n 



Proposition 2.6. Suppose that for Di^ ioij)o<j<5, there exists a solution such that all of 
(x, y, z, w) are holomorphic at t = and 60,0 + do,o = ~(^a + Q^s 7^ and Co,o = 1/2. One 
of the following then occurs: 

(1) as = 0, a4 + as = 0, 

(2) 2a3 + a4 + as 7^ and a4 + as = and 



bo,o = 0, (io,o = -«4 + "5, 



(3) 2a3 + a4 + as 7^ and 



_1 (ao + ai - l)(ao + ai + 2a2 - 1) , _ (-04 + a5)(a4 + "5) . „ 

00,0 — 7^ H TTr ] V7 ] ^ ' "O'O ~ o ] ] ^ ^' 

2 2(-a4 + a5)(a4 + as) 2a3 + a4 + as 

_ 1 _ 2a3(-a4 + as) 

co,o — 7:, "0,0 



2 ' 2a3 + a4 + as 

Let us deal with the case where 60,0 + ^^0,0 = ~Q;4 + 0^5 7^ and Co,o = as/(— a4 + as) 7^ 
1/2, which implies that a4 + as 7^ 0. 
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Proposition 2.7. Suppose that for D^ (%)o<j<5; there exists a solution such that 
X, y, z, w are all holomorphic at t = and 60,0 + c^o.o = ~Q^4 + ^5 7^ and Cq^ = 
«5/(— «4 + «5) 7^ 1/2, which implies that 04 + 0:5 7^ 0. One of the following then oc- 
curs: 

(1) ao + ai = 1 and a^ = 0. 

60,0 = 0, do,o = -"4 + "5, 

(2) oq + «i 7^ 1; ond 

05 a2(a4 + a5) , _ r. 

+ 7 ; TT7 ; n"' ''0.0 ~ ^' 




04 + «5 (oo + «i — 1)(— «4 + «5) 
"0,0 = — 0^4 + as 



-04 + 05 



(3) 60,0 7^ and 



'' _ 05 a2(a4 + a5) , _ (— 04 + a5)(2a3 + "4 + Q^s) 

Q-o — ~l~ 7 wt; \"5 ^00 — ' 

— 04 + 05 (— 04 + a5)(2a3 + 0:4 + «5) ' ^4 + ^5 

_ "5 J _ 2a3(-a4 + as) 

Co,o — ; ) "0,0 — ; • 

—04 + 05 04 + a^ 

Proof. From (12 ■4p . it follows that 

(2co,o - l)(io,o - (2"3 - «4 - a5)c?o,o - 2a3(-a4 + as) = 0. 
By solving this equation with respect to (io,o, we have 

2a3(— 04 + as) 



do,o = -^4 + as, 



a4 + as 



If ^ , ^ u n If ^ 2a3(-a4 + as) . 

It do = — a4 + as, we get Oq = 0. It do = , we obtain 

a4 + as 

, _ (— a4 + as)(2a3 + a4 + as) 
Oo,o — 



a4 + as 

because 60,0 + c^o.o = ~a4 + as- 

We first suppose that 69^0 = 0, which implies that do^o = ~a4 + as- From (12. ip . it 

follows that 

-a2(a4 + as) + as(l - ao -ai) 

(i - ao - aijao,o = : , 

-a4 + as 
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as 1 

where 04 + 0:5 7^ 0, because cqo = 7^ 77- If oo + en = 1, then 02 = 0. If 

—04 + 05 2 

Oo + Q^i 7^ 1, we have 

_ "5 , a2(a4 + as) 

^0,0 — ; r 



-04 + as (ao + tti — 1)(— 04 + as) 
We assume that 

_ (-a4 + as)(2a3 + a4 + as) . ri ^ _ 2a3(-a4 + a5) 

Oo,o — ; T U, «o,o — ; 

0^4 + as a4 + as 

From ([22D, it follows that 

11 1 

ao,o = 7^ + o(2"2 + 2a3 + a4 + a^)T— 

as a2(a4 + as) 



D 



— a4 + as (— a4 + as)(2a3 + a4 + as) 

2.2 The case where x has a pole of order one at t = 

In this subsection, we treat the case where x has a pole of order one at t = 0. 

Proposition 2.8. Suppose that for D^ {oij)o<j<5, there exists a solution such that x has a 
pole of order one att = and y, z, w are all holomorphic att = 0. Then, ao,-i = — ao + ai 
and bofi = 0, 60,1 = ai/(ao "" «i)- Moreover, one of the following occurs: 

(1) (a4 + as)co,o = "s and rfo,o = 0, 

(2) co,o = as/(-a4 + as) and do^ = -a4 + as 7^ 0. 

Proof. It can be proved by direct calculation. D 

Corollary 2.9. Suppose that for D^ (aj)o<j<5; there exists a solution such that x has a 
pole of order one att = and y, z, w are all holomorphic att = 0. Moreover, assume that 
ao 7^ or ai 7^ 0. sq or si then transforms the solution into a solution such that x, y, z, w 
are all holomorphic at t = 0. 

2.3 The case where z has a pole at ^ = 

Let us treat the case where z has a pole of order n {n > 1) at t = 0. 
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Proposition 2.10. Suppose that for D^ ('^j)o<j<5) there exists a solution such that z has 
a pole of order n {n > 1) at t = and x, y, w are all holomorphic at t = 0. 
(1) If n>2, then oq = ai and 



X - 

y -- 

z - 
w 



1 



:t + fen.nt" + 



Co,-n 

"3 ^n 






Co.-r 



where cq _« is not zero and ao,o is unknown. 
(2) Ifn = l, then 



X 

y = - 



2co -1 



+ 2" + 



2; = 



03 

Co,-l 



t + - 



where cq.-i zs not zero and satisfies 

(— ao + ai)co-i = (ao + ai){ao + ai + 2a2). 
Proof. It can be proved by direct calculation. 



D 



Corollary 2.11. Suppose that for D 



(1), 



a 



j)0<j<5 



there exists a solution such that z has 



a pole of order n {n > 1) at t = and x,y,w are all holomorphic at t = 0. Moreover, 
assume that a^ 7^ 0. S3 then transforms the solution into a solution such that x, y, z, w 
are all holomorphic at t = 0. 

Proof. By direct calculation, we find that S3{x,y, z,w) is a solution of D^^ '{aQ,ai,a2 + 
0:3, —0:3, 0:4 + 03,0:5 + 03) such that S2,{z) has a pole of at most order n — 1 at t = 
and all of S3{x,y,w) are holomorphic at t = 0. Moreover, we observe that ss{w) = 

(-a3/Co,-n)t" + ■ ■ ■ . 

If n = 1, the corollary is proved. Now, let us suppose that n > 2 and s^lz) is not 
holomorphic at t = 0. It then follows from Proposition 12.101 that 



S3{Z) 



Co, 






S3{W) 



(-«3) 
CQ,-m 



r + 



1^1 < ?Ti < n — 1), 



which is contradiction. 



n 
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2.4 The case where x, z have a pole at i = 

In this subsection, we treat the case where x has a pole of order one at t = and z has a 
pole of order n (n > 1) at t = 0. 

2.4.1 The case where z has a pole of order n (n > 2) at t = 

Proposition 2.12. Suppose that for D^ ('^i)o<i<5) there exists a solution such that x has 
a pole of order one at t = and z has a pole of order n {n > 2) at t = and y, w are 
both holomorphic at t = 0. Then, 

X = (-ao + ai)t"^ H , 

1/ = --t + 6o,nt" + ■ ■ ■ , 

Z = Co^-nt + ■ ■ ■ , 

nj = -^^t- + .... 

Co,-n 

Proof. It can be proved by direct calculation. D 

Corollary 2.13. Suppose that for D^ (aj)o<j<5; there exists a solution such that x has a 
pole of order one at t = and z has a pole of order n {n>2) at t = and y, w are both 
holomorphic att = 0. Moreover, assume that a^ ^ 0. S3 then transforms the solution into 
a solution such that one of the following occurs: 

(1) X has a pole of order one at t = and y, z, w are all holomorphic at t = 0; 

(2) X, z both have a pole of order one at t = and y, w are both holomorphic at t = 0. 

Proof. By direct calculation, we find that S3{x,y^ z,w) is a solution of D^ {ao,ai,a2 + 
as, —as, 0:4 + 0^3, as + a^) such that s^i^x) has a pole of order one at t = and s^^z) has a 
pole of order m, {0 < m < n — 1) aX t = and both of s^ly, w) are holomorphic at t = 0. 
Moreover, we observe that 



- 5 



ssiz) = c[,,_^t-™ + ■ ■ ■ , ss{w) = -^^t" + ■ • • . 

Co,-n 

If ra = 1, 2, the corollary is then proved. Now, let us suppose that n > 3 and 53(2;) has a 
pole of order m (2 < -m < ra — 1) at t = 0. It then follows from Proposition 12. 121 that 

ss{w) = -t^t"^ + . . . ^ 

which is contradiction. D 
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2.4.2 The case where z has a pole of order one at t = 

Proposition 2.14. Suppose that for Dr, (ttj)o<j<5; there exists a solution such thatx,z 
both have a pole of order one at t = and y, w are both holomorphic at t = 0. Then, 
ao,~i = —ctQ + «i and 6o,o = c^o.o = and 6o,i = ~V2) cti/{cto ~^ cti)- 

(1) // 6o,i = ~l/2j then do^i = (—1 + 0:4 + a5)/2co,-i, where Cq-i 7^ satisfies the 
following condition: 

(tto + «! + 2q;2)co,--i = (ao + q;i)(-q;o + ai)- (2-12) 

(2) //6o,i = ai/(ao - "i) 7^ -1/2, ^/ien 

1 tti — 1 + 0:4 + ^5 

2 ao ~ <^i 2co,-i 
where Co,_i 7^ satisfies 

(ao + «i)co -1 = («o + tti + 2q;2)(— «o + ^i)- 
Proof. By comparing the coefficients of the term t~^ in 

tx' = 2x'^y + tx^ — 2x1/ — {t + (2^2 + 20:3 + as + 0:4)} a; 

+ (0:2 + «5) + 2z{{z - l)w + 0:3} , 

we have 

2a2 _,6o,o + 2c2 „irfo,o = 0. (2.13) 

By comparing the coefficients of the term t~^ in 

ty' = —2xy'^ + y'^ ~ 2txy + {i + (2q;2 + 20:3 + 0:5 + 0:4)} y — ait, 

we get — 2ao,_i6o,o = 0, which imphes that 60,0 = c^o,o = 0. 
By comparing the coefficients of the term t~^ in 

tx' = 2x^y + tx^ — 2xy — {t + {2a2 + 20:3 + 0:5 + 0:4)} x 

+ (^2 + as) + 2z{{z - l)w + 0:3} , 

we have 

- (ao + ai)ao -1 = 2ao -i&o,i + Oq^^i + 2co „i(io,i + 2^300 -1. (2.14) 

By comparing the coefficients of the term t in 

ty' = —2xy'^ + y'^ — 2txy + {t + {2a2 + 2a^ + 0:5 + 0:4)} y — ait, 
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we get 

(ao + ai)&o,i = -2ao _i6o,i - 2ao _i6o,i - "i- (2.15) 

From (I23il) and fl235D . we obtain 

- flo -1^0,1 + 2co _i6o,ic?o,i + 2a36o,iCo,-i - aiOo -i- (2.16) 

By comparing the coefficients of the term t~^ in 

tz' = 2z^w + tz^ — 2zw — {t + («5 + a^)} z + a^ + 2yz{z — 1), 

we have 

- 1 + a4 + "5 = 2co -i(io,i + Co -1 + 26o,iCo -i- (2.17) 
By comparing the coefficients of the term t in 

tw' = —2zw'^ + w'^ — 2tzw + {t + (as + 04)} w — a^t — 2y(—w + 2zw + 0:3), 
we get 

- (-1 + 04 + «5)4,i = -2co -ic/q 1 - 2co -irfo,i - aa - 46o,iCo -i(io,i - 2a36o,i. (2.18) 
From fl2Tri) and fl218D . we obtain 

- Co -ic?o,i - "3 - 26o,iCo -iC?o,i - 2a36o_i = 0. (2.19) 
The equations (12.161) and (12.191) imphes that 

flo -1^0,1 + ttiOo -1 = -Co _i(io,i - a3Co,~i. (2.20) 

Thus, it follows from (J2.14P and ( ]2.20p that ao,-i = — ao + «i. Therefore, it follows from 
(12351) that 

2(-ao + ai)6o,i + (-«o + 3ai)6o,i + ai = 0, (2.21) 

which implies that 60,1 = —1/2, «i/(ao — cti). 

If ho^i = -1/2, it follows from ^QA^ and (12X71) that 

(ao + ai + 2^2)00 -1 = (ao + ai)(-ao + "i) (2.22) 

and 

,„ = Zi±i^l±i!i. (2.23) 

^Co,_l 

If 60,1 = «i/(«o — ai), it follows from (I2.14p and ( I2.17P that 

(ao + Q;i)co -1 = (cto + Q;i + 2a;2)("Q;o + "i) 
and 



, 1 Qfi — 1 + 0^4 + as 

do 1 = 1 . 

2 ao — «! 2co,-i 
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Lemma 2.15. Suppose that for D\^ {(^j)o<j<bi there exists a solution such that x = z. 
Then, x = z = 1/2 or a^ = 0. 

Proof. It can be proved by direct calculation. D 

Corollary 2.16. If x, z both have a pole of order one at t = and a^ 7^ 0, then 

Rest=ox 7^ Rest=oz. 

Proof. From Lemma [2.151 it follows that x ^ z, because x, z both have a pole at t = 0. 

We first suppose that ao-i = co,-i. Then, ao,o 7^ co,o- For, if ao,o = co,o, all of 
S2(x, y, z, w) have a pole at t = 0, which contradicts Proposition 12.11 

Therefore, S2{x), S2{z) both have a pole of order one at t = and S2(y), S2{w) are both 
holomorphic at t = 0. Furthermore, the constant terms of the Taylor series of S2{y), S2{w) 
are not zero, which is impossible from Proposition 12.141 D 

2.4.3 Necessary conditions 

Proposition 2.17. Suppose that for Di^ i'^j)o<j<5^ there exists a solution such that x has 
a pole of order one at t = and z has a pole of order n {n > 2) at t = and y, w are 
both holomorphic at t = 0. One of the following then occurs: 
(1) ao + ai = 0, (2) 2^3 + 04 + 05 = 1, (3) 02 = «3 = «4 = «5 = 0. 

Proof. We first prove that if 0:3 7^ 0, ao + ai = or 20:3 + 0:4 + 0:5 = 1. Since 03 7^ 0, it 
follows from Corollary 12. 13l that 53(0;,?/, z,w) is a solution of D5 (oq, Oi, O2 + O3, — 03, 04 + 
«3, «5 + ^3) such that either of the following occurs: 

(i) ss{x) has a pole of order one at t = and all of 53(7/, z, w) are holomorphic att = 0, 
(ii) both of S3(x, z) have a pole of order one at t = and both of 53(1/, w) are holomorphic 
at t = 0. 

If case (i) occurs, then oq + Oi = 0, because for S3{x,y,z,w), 60,1 = ~V2- If case (ii) 
occurs, then 203 + 04 + 05 = 1, because for s^^x, y, z, w), 60,1 = ~l/2 and (io,i = 0. 

Let us suppose that 03 = 0. If 04 7^ or 05 7^ 0, we use S4 or S5 in the same way and 
can obtain necessary conditions, respectively. 

Let us suppose that 03 = 04 = 05 = 0. We can then assume that 02 7^ 0. Thus, we 
use S2 in the same way and can obtain necessary conditions. D 

2.5 The case where y, w have a pole at t = 

In this subsection, we treat the case where y, w have a pole of order n (n > 1) at t = 0. 
We can obtain necessary conditions for D^ ioij)o<j<5 to have a meromorphic solution at 

t = 00. 
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2.5.1 The Laurent series of (x,y,z,w) at t = 

Proposition 2.18. Suppose that for D^ (aj)o<i<5) there exists a solution such thaty,w 
both have a pole of order n {n> 1) att = and x, z are both holomorphic att = 0. Then, 

■ _ 1 n + 2^2 + 2a3 + 0:4 + 05 

2 26o,-n 

y = 60,-ni"" + ■ ■ ■ + bo,^it-^ + &o,o + • • • , 
_ 1 ra + 2^3 + 04 + 05 

2 260, -n 

where 60,-fc + c^o.-fe = (1 < A; < n) and 60,0 + do,o = — «4 + «5- 

Corollary 2.19. Suppose that for D^ ioij)o<j<5^ there exists a solution such that y,w 
both have a pole of order n {n > 1) at t = and x, z are both holomorphic at t = 0. 
Moreover, assume that a-z 7^ 0. S2 then transforms the solution into a solution such that 
X, y, z, w are all holomorphic at t = 0. 

Proof. By direct calculations, we find that S2{x, y, z, w) is a solution of Dl^ '{uq + 02, Oi + 
«2, — «2, «3 + «2, ^4, tts) such that both of S2(?/, w) have a pole of order m (0 < m < n — 1) 
at t = and both of S2{x, z) are holomorphic at t = 0. Moreover, we can check that 

S2{x)-S2{z) = ^t- + --- . 

\i n = 1, the corollary is obvious. We then assume that n > 2 and 1 < ??i < n — 1. 
Therefore, it follows from Proposition 12.181 that 

S2{y) = y^^-rr^"^ + ■ ■ ■ , S2{X) - S^^z) = jf^t^ + ■ ■ ■ , 

which is impossible. Thus, the corollary is proved. D 

2.5.2 Necessary conditions 

In order to obtain necessary conditions, we prove the following lemma: 

Lemma 2.20. Suppose that for D^ ('^j)o<j<5) there exists a solution such thatx,y,z,w 
are all holomorphic at t = and a^Q = co,o = 1/2 o.'fid 69,0 + c^o,o = ~<^4 + c^s- One of the 
following then occurs: (1) Oq + «i = 1; (2) 04 + 05 = 0; (3) — «4 + 0:5 = 0. 

Proof. The lemma follows from Proposition 12.61 D 
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Proposition 2.21. Suppose that for Di^ (o^i)o<j<5) there exists a solution such thaty,w 
both have a pole of order n {n > 1) at t = and x, z are both holomorphic at t = 0. One 
of the following then occurs: 

(1) ao + ai + 2a2 = l; (2) a4 + a5 = 0; (3) —^4 + 0:5 = 0; (4) oq = ai = 02 = 0. 

Proof. We first prove that case (1), (2) or (3) occurs if 0:2 7^ 0. Since 02 7^ 0, ^2(0;, y, z, w) 
is a solution of D^ (oq + 02, «i + «2, — «2, «3 + «2, «4, ^5) such that all of S2{x, y, z, w) 
are holomorphic at t = and 60,0 + c?o,o = — «4 + «5 and ao,o = co,o = 1/2. It then follows 
from Lemma 12.201 that cto + cti + 2a2 = 1, or 0:4 + 05 = or —04 + 05 = 0. 

If 02 = 0, we can assume that Oq 7^ or oi 7^ 0. When oq 7^ or cti 7^ 0, by Sq or si, 
we can obtain the necessary conditions, respectively. D 

2.6 Summary 

Proposition 2.22. (1) Suppose that for D^ (ttj)o<j<5; there exists a solution meromor- 
phic att = 0. Moreover, assume that x has a pole att = 0. x then has a pole of order one 
at t = and 

Rest=QX = — tto + 0(1. 

(2) Suppose that for Di^ (%)o<j<5) there exists a meromorphic solution at t = 0. y + w 
is then holomorphic at t = and 

bo,o + dofi = 0, -04 + 05. 

3 Meromorphic solutions at t = c G C* 

In this section, we treat the meromorphic solution at t = c G C*. For this purpose, we set 

11 — h T"i -I- h , T"i+1 J- ... J- h , T"i+^ -I- . . . 

r — r T"2 _i_ r , T"-2 + l _|_ . . . _|_ ^ , 7^n2+fc I . . . 

^ ^c,no-'- T^ '^c,?i2 + l '^ '^ '-'C,n2+K-^ T^ 5 

where T := t — c and no,ni,n2, n^ are all integers. 

We can prove the following proposition in the same way as discussion in Section 1. 

Proposition 3.1. Suppose that for Di^ ('^i)o<i<5) there exists a solution such that some 
of X, y, z, w have a pole at t = c E C*. One of the following then occurs: 

(1) X has a pole of order one at t = c and y, z, w are all holomorphic at t = c; 

(2) y has a pole of order one at t = c and x, z, w are all holomorphic at t = c; 
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(3) z has a pole of order n {n > 1) and x, y, w are all holomorphic att = c; 

(4) w has a pole of order one at t = c and x, y, z are all holomorphic at t = c; 

(5) X, z both have a pole of order one at t = c and y, w are both holomorphic at t = a; 

(6) X, w both have a pole of order one at t = c and y, z are both holomorphic at t = c; 

(7) y, w both have a pole of order n (n > 1) at t = c and x, z are both holomorphic at 
t = c. 

3.1 The case where x has a pole at t = c E C* 

Let us treat the case where x has a pole of order one at t = c G C* 

Proposition 3.2. Suppose that for D^ (<^i)o<j<55 there exists a solution such that x has 
a pole of order one at t = c E C* and y, z, w are all holomorphic at t = c. Then, hcfl = 
or —c. 
(1) 7/6^0 = 0, then 

x = ~{t - cy^ + + ■ ■ ■ , 

y = ai{t-c) H . 



(2) Ifk 



'c,0 



-c, 



y = -c+ {-ao - l)(t - c) H . 

3.2 The case where y has a pole at t = c E C* 

Proposition 3.3. Suppose that for DI^ i^j)o<j<5^ there exists a solution such that y has 
a pole of order one att = c E C* and x, z, w are all holomorphic att = c. Then, ac,o = 0,1 
and Cc,o = 0, 1. 
(1) //(a,,o,Ce,o) = (0,0), 



X 



-a2 - 0:5 
c 



(t - c) + ■ 



y = -c{t-c) ^ + - 
z = 0{t-c), 
^w = as + 0{t - c). 
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(2) //(ae,o,c,,o) = (0,l), 



X 



-a2 — 2^3 — as 



(t - c) + 



< y = -c{t-c)-' + --- 
z = i + 0(t-c), 
^w = —0:3 + 0(t — c). 



(3) //(a,,o,c,,o) = (l,0), 



CI2 + 2^3 + 04 

a; = 1 H (t - c) + ■ 

c 

y = c(t - c)-i + ■ ■ ■ , 
z = 0{t-c), 
^w = as + 0{t - c). 



(4) //(a,,o,Cc,o) = (l,l), 



c 
y = c{t- c)-i + ■ ■ ■ , 

2 = l + 0(t-c), 

^w = -0:3 + 0(t - c). 



3.3 The case where z has a pole at t = c G C* 

Proposition 3.4. Suppose that for D^ (ttj)o<i<55 ^/iere exists a solution such that z has 
a pole of order n {n > 1) at t = c E C* and x, y, w are all holomorphic at t = c E C*. 
(1) //n>2, 



bc,o = ~9' ^'^d ^c,0 = 4,1 



dc,n-l — 0, 4 



"3 



L^r —r 



(2) Ifn = l, 



'^c-i = -7^7 : — 5 Ko ¥" -o ^'^^ '^c,o = 0, 4,1 = ■ 

26c ,0 + c 2 Cc -1 



3.4 The case where u; has a pole at t = c 

Proposition 3.5. Suppose that for D^ (ttj)o<i<5? i^/iere exists a solution such that w has 
a pole of order one att = c E C* and x, y, z are all holomorphic att = c. Then, Cc,o = 0, 1. 
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:i) ifcc,o = o, 



(2) //c,,o = l, 



— (t-c) + 

C 



w = — c(t — c) ^ 



w = c{t — c)~^ + 



3.5 The case where x, z have a pole at t = c 

Proposition 3.6. Suppose that for D^ (<^i)o<j<55 ^/lere exists a solution such that x,z 
both have a pole of order one att = cEC* and y, w are both holomorphic att = c. Then, 
(Kfl, 4,o) = (0, 0), (0, -c), (-C, 0), (-C, c). 

(1) //(6e,o,4,o) = (0,0), 

' X = -{t - cy^ + ■ ■ ■ , 

y = ai{t-c) H , 

z = -{t - c)-^ + ■ ■ ■ , 
^w = az{t - c) ^ . 

(2) Assume that (6c,o, 4,o) = (0, -c). Then, (ac -i, Cc-i) = (-2, 1), (1, 1). 
(i) //(ae,-i,c,,_i) = (-2,l), 



x = -2{t-c)-^ + ■■ 
t/=^(t-c) + ---, 



w = -c + <j -2 + (0:3 + 0:4 + 0:5) - -«! [> (t - c) + 



(ii) // (ac -1, Cc _i) = (1,1), 



X = (t - cY^ ^ — 

y = -y(t-c) + 
2 = (t - c)-i + ■ ■ • 



W = -C + <j -2 + (0:3 + ^4 + 0:5) + -«! }> (t - c) + ■ ■ 
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(3) //(6e,o,4,o) = (-c,0), 



'x = (t-c)-^ + --- , 

y = -c+{-l-aQ){t-c)^ , 

z = (t-c)-i + --- , 

^w = -as{t - c) -\ . 

(4) Assume that (&c,0)'^c,o) = {^c,c). Then, (ac,_i, Cc,_i) = (2, — 1), (— 1, — 1). 
(i) //(a,,_i,ce,_i) = (2,-l), 

x = 2(t-c)-i + --- , 



y = -c^ 

z = -{t - c)-^ + 



1 - gttO !> (i - C) 



w = c + <j 2 - (as + 0:4 + as) + -ao }• (t - c) + 



(ii) // {a^-i, c^-i) = (-1, -1), 

X = -{t-cy^ + 



y = -c+^-l + -ao}{t-c) + 

z = -{t - c)-'^ + ■ ■ ■ 



w = c + <{ 2 - (as + a4 + as) - -ao } {t - c) 



3.6 The case where x, w have a pole at t = c E C* 

Let us treat the case where x, w both have a pole of order one at t = c G C* and y, z are 
both holomorphic at t = c. 

Proposition 3.7. Suppose that for D^ (<^j)o<i<5; i^/iere exists a solution such that x,w 
both have a pole of order one att = cEC* and y, z are both holomorphic att = c. Then, 
bcfi = 0, — c and Ccfl = 0, 1. 
(1) //(6,,o,Cc,o) = (0,0), 

' X = -{t - c)-y ■ ■ ■ , 
y = ai(t-c) H , 

z = (t- c) -\ , 

c 

w = —c{t — c)~^ + ■ ■ ■ . 
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(2) //(6e,0,Ce,o) = (0,l), 



' x = ~{t-c)'^ + ■■■ , 

y = ai(t-c) H , 

z= 1 + — t-c +■■■ , 
c 

w = c{t — c)^^ + ■ ■ ■ . 



(3) //(6e,0,Ce,o) = (-C,0), 



y = -c+ {-ao - l)(t - c) + ■ 

z = (t - c) H , 

c 

w = — c(t — c)^"*^ + ■ ■ ■ . 



(4) //(6e,0,Ce,o) = (-C,l), 



y = -c + (-tto - 1)(^ - c) + 

z = l + — t - c + ■ ■ ■ , 
c 

w = c(t — c)^"*^ + ■ ■ • . 



3.7 The case where y, w have a pole at t = c 

Proposition 3.8. Suppose that for D^ (ttj)o<j<5? there exists a solution such that y,w 
both have a pole of order n (n > 1) att = cEC* and x, z are both holomorphic at t = c. 
(1) Assume that n > 2. Then, 



O-cfi — ^; Oc,l 



Oc,n-2 — 0, ac,n-l 



nc 



26. 



■ [ - (n + l){6c -(n-i)}c + (n + 2^2 + Sets + ^4 + "5)6. ,-«] , 



- 1 - - - n - ^^ 



6c,-fc + 4,-fc = (1 < k <n). 



[ - (n + l){6c -(n-i)}c + (n + 2^3 + ^4 + 0:5% -n] , 
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(2) Assume that n = 1. Then, 6c,-i + dc-i = or Cc,o = 0, 1. 
(i) // 6c -1 + 4,-1 = and Cc,o 7^ 0, 1, 

_ _ 1 c 

flc.O — Cc,0 — o + 



1 



Ocl 



2 26e,-l 

{-26c,oC - c^ + (1 + 2q;2 + 20:3 + 0:4 + a-i)bc-i} , 



Cc,i = ^TjT T^ {-2hcfiC - c^ + (1 + 2a3 + ^4 + a5)6c -1} , 

bc-1 + 4,-1 = 0. 

(ii) Assume that n = 1 and Cc,o = 0, 1. Then, a^o = 0, 1. 
(a) //(ac,o,Cc,o) = (0,0), 



-a2 + 0:5 



X = 

y = 

Z = (t - c) + 

c 



(t - c) + ■ ■ • , 



c(t - c)-i 

Ht-c) 

w = c(t — c)^^ + 



(b) //(a,,o,c,,o) = (0,l) 



'' —0:2 — 2q;3 — 2q;4 — a^ , . 

X = (t — c) + 



y = -c{t-c)-^ + --- , 
z = l + ^{t-c) + --- , 

6C 

w = 3c{t-cy^ + ■■■ . 

(c) //(ac,o,Cc,o) = (1,0), 

0:2 + 20:3 + 0:4 + 20:5 

X = 1 -\ 

c 

l/ = c(t-c)-i + --- , 
z = -— t-c +■■■ , 

6C 

w = -3c(t - c)-i + ■ ■ ■ . 



(t - c) + 
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(d) //(ac,o,Cc,o) = (1,1), 



x = lA (t - c) + 

y = c(t-c)-i + --- , 

z = l-— (t-c) + --- , 
c 



w = —c{t — c) ^ + 



3.8 Suminary 



Let us summarize the results in this section. Furthermore, by the discussions in Section 
1 and 2, we can obtain a main tool which we use in order to show necessary conditions 
for Dg ('^j)o<i<5 to have a rational solution. 

Proposition 3.9. (1) Suppose that for D^ ('^j)o<i<5, there exists a meromorphic solu- 
tion at t = c E C*. Moreover, assume that x has a pole at t = c. x then has pole of order 
one at t = c and Rest=cX G Z. 

(2) Suppose that for D^ (cii)o<j<5, there exists a meromorphic solution at t = c G C*. 
y + w is then holomorphic att = c or has a pole of order one att = c. If y + w has a pole 
of order one att = c, Rest=c{y + w) = nc, {n E Z). 

(3) Suppose that for D^ ('^j)o<i<5, there exists a rational solution. Then, 

{boofi + doofi) - (&o,o + do,o) e Z. 

4 The Hamiltonian H and its properties 

In this section, we compute the Laurent series of the Hamiltonian iJatt = oo,0,cGC* 
for a meromorphic solution of Di^ i<^j)o<j<5 at t = oo,0,c, respectively. This section 
constitutes of five subsections. 

In Subsection 4.1 and 4.2, we treat the Laurent series of H at t = oo for a solution 
of type A and type B, respectively. In Subsection 4.3 and 4.4, we deal with the Laurent 
series of if at t = 0, c, respectively. In Subsection 4.5, we explain the relationship between 
H and a rational solution of Dg (ttj)o<i<5- 

4.1 The Hamiltonian for a solution of type A 

In this subsection, we compute hoo,o for a solution of type A of -D5 (ttj)o<i<5- 
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4.1.1 The case where x,y,z,w are all holomorphic at t = oo 

Proposition 4.1. Suppose that for D\{aj)<j<5^ there exists a solution of type A such 
that X, y, z, w are all holomorphic at t = oo. Then, aoo,o = 0, 1 and Coo,o = 0, 1. 

(1) //(aoo,o,Coo,o) = (0,0), 

hoofi = ai{a2 + tts) + "3"5- 

(2) //(aoo,o,Coo,o) = (0,l), 

^00,0 = ai(«2 + 2q;3 + 0:5) + asa4. 

(3) //(aoo,o,Coo,o) = (1,0), 

^00,0 = tti(«2 + 20:3 + 0:4) + a^a^. 

(4) J/(aoo,o,Coo,o) = (1,1), 

^00,0 = «i(a2 + "4) + «3a;4. 

4.1.2 The case where y has a pole at t = 00 

Proposition 4.2. Suppose that for D^ ('^i)o<j<5, there exists a solution of type A such 
that y has a pole at t = 00 and x,z,w are all holomorphic at t = 00. Then, aoo,o = 0, 1 
and Coo,o = 0, 1. 

(1) //(aoo,o,Coo,o) = (0,0), 

^00,0 = -(1 - tto)("2 + "5) + "stts- 

(2) //(aoo,o,Coo,o) = (0,l), 

^00,0 = -(1 - tto)(a2 + 2^3 + ^5) + a3a4- 

(3) //(aoo,o,Coo,o) = (1,0), 

^00,0 = -(1 - tto)("2 + 2(^3 + 04) + a^a^. 

(4) //(aoo,o,Coo,o) = (1,1), 

^00,0 = -(1 - «o)(a2 + "4) + a4tt3- 
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4.1.3 The case where w has a pole at t = oo 

Proposition 4.3. Suppose that for D^ i'^j)o<j<5^ there exists a solution of type A such 
that w has a pole of order one at t = oo and x, y, z are all holomorphic at t = oo. Then, 
aoo,o = 0, 1 and Coo,o = 0, 1. 

(1) //(aoo,o,Coo,o) = (0,0), 

hoo,0 = «l(a2 - tts) - tt5("3 + «4 + tts)- 

(2) //(aoo,o,Coo,o) = (l,0), 

hoofi = ai(«2 + 2«3 + 04 + as) — a^ias + 0:4 + 0:5). 

(3) //(aoo,o,Coo,o) = (0,1), 

hoo,o = ai(a2 + 20:3 + 20:4 + 0:5) — ai{a3 + 0:4 + as)- 

(4) //(aoo,o,Coo,o) = (1,1), 

hoofi = ai(a2 - "4) - tt4(tt3 + ^4 + tts)- 

4.1.4 The case where y,w have a pole at t = 00 

Proposition 4.4. Suppose that for D^ (ttj)o<j<5, there exists a solution of type A such 
that y, w both have a pole of order one at t = 00 and x, z are both holomorphic att = 00. 
Then, a^ofi = 0, 1 and Coo,o = 0, 1. 

(1) //(aoo,o,Coo,o) = (0,0), 

hoofi = ("0 - l)(a2 - «5) - a5(a3 + 04 + a^). 

(2) //(aoo,o,Coo,o) = (0,l), 

^00,0 = («o — l)(tt2 + 20:3 + 20:4 + 0:5) — q;4(q;3 + 0:4 + 0:5). 

(3) //(aoo,o,Coo,o) = (1,0), 

hoofi = («o — l)(tt2 + 20:3 + ^4 + 2^5) — a5(Q;3 + 0:4 + 0:5). 

(4) //(aoo,o,Coo,o) = (1,1), 

hoofi = ("o - l)(a2 - "4) - tt4(a3 + "4 + tts)- 



4.2 The Hamiltonian for a solution of type B 



i(i), 



In this subsection, we calculate hoofi for a solution of type B of Z^g {ctj)o<j<5- 
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4.2.1 The case where y has a pole at t = cxd 

Proposition 4.5. Suppose that for Di, {'^j)o<j<5, there exists a solution of type B such 
that y has a pole at t = oo and x,z,w are all holomorphic at t = oo and Coo.o = 1/2- 
Then, 

111 

hoofi = t(-«4 + Oibf + T(-ao + aif + ^(-"o + "i)- 

Proposition 4.6. Suppose that for DI^ i'^j)o<j<5^ there exists a solution of type B such 
that y has a pole at t = oo and x, z, w are all holomorphic at t = oo and Coo,o 7^ 1/2- 

(1) Assume that case (1) occurs in Proposition \l . 1 6[ Then, 

hoo,o = T(2a3 + 04 + tts)^ + t(-«o + tti)^ + -{-ao + ai) - a4a5- 

(2) Assume that case (2) occurs in Proposition \1.16[ Then, 

hoofi = T(2a3 + "4 + "5)^ + t(-«o + «i)^ + ^{-^0 + ai). 

(3) Assume that case (3) occurs in Proposition \l.l(A Then, 04 = as = and 

hoofi = "3 + t(-«0 + Oilf + ^("'^0 + Oil)- 

4.2.2 The case where w has a pole at t = 00 

Proposition 4.7. Suppose that for Di^ ('^i)o<i<5; there exists a solution of type B such 
that w has a pole at t = 00 and x, y, z are all holomorphic at t = 00. Then, ai = and 

111 
^00,0 = t(-«4 + ctbY + T(ao + 2a2)^ - -(ao + 2a2). 

4.2.3 The case where y, z have a pole at i = 00 

Proposition 4.8. Suppose that for DI^ ('^i)o<i<5; there exists a solution of type B such 
that y has a pole of order one at t = 00 and z has a pole of order n (n > 1) at t = 00 and 
x,w are both holomorphic at t = 00. Then, 

hoofi = T(-ao + tti)^ + ^(""o + "1) + "3(tt3 + ^4 + as)- 
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4.2.4 The case where y,w have a pole at t = cxd 

Proposition 4.9. (1) Suppose that for D^ i'^j)o<j<5j there exists a solution of type B 
such that y, w both have a pole of order n {n > 2) at t = oo and x, z are both holomorphic 
at t = oo. Then, 

hoofi = 7(~'^4 + "5)^ - a2(a2 + 2^3 + 0:4 + 05). 

(2) Suppose that for D^ (aj)o<j<5, there exists a solution of type B such that y,w both 
have a pole of order one at t = 00 and x, z are both holomorphic at t = cxd. 
(i) Assume that case (1) occurs in Proposition \1.41\ Then, 



hoofi = t(~'^4 + "5)^ + t(«0 + «! + 2^2)^ - -("O + ttl + 2^2) + "1(1 - "o)- 

(ii) Assume that case (2) occurs in Proposition \l .41\ Then, 

hoofi = t(-"4 + as)^ + T(ao + ai + 2^2)^ - -(ao + ai + 202). 



(ill) Assume that case (3) occurs in Proposition 1.^1. Then, 

hoofi = t(-«4 + tts)^ + «2 - «2- 

4.3 The Laurent series of H ai t = 

In this subsection, we compute the constant term /io,o of the Laurent series oi H aX t = 
for a meromorphic solution of D^ ictj)o<j<5 at t = 0. 

4.3.1 The case where x,y,z,w are holomorphic at t = 

Proposition 4.10. Suppose that for Di^ (<^i)o<j<5) there exists a solution such that 
x,y,z,w are all holomorphic at t = 0. Then, 60,0 + do^ = 0,-04 + «5- Furthermore, 
if bofi + dofi = —04 + 05 7^ 0, it follows that Co,o = 1/2, q;5/(— 04 + a^). 

(1) Assume that boo + doQ = 0. 
(i) Ifbofi = 0, ' 

hofi = 0. 

(ii) // 60,0 7^0, 

^0,0 = — 0:2(0:2 + 203 + 04 + 05). 

(2) Assume that 60,0 + dofi = — 04 + 05 7^ and cofi = 1/2. 
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(i)-l // 2a3 + ^4 + as = and 60,0 = 0, then 

^0,0 = Q^4- 

(i)-2 // 2^3 + 0:4 + as = and 60,0 7^ 0, then 

u 2,2 

/^co = -"2 + Q^5- 

(ii) // 2a3 + a4 + as 7^ 0, 

hofl = —a2{a2 + 2a3 + a4 + as) — (a3 + a4)(a3 + as). 

(3) Assume that 60,0 + do^o = — ^4 + ^5 7^ ano? co,o = a5/(— 0^4 + 05) 7^ 1/2. 
(i) //6o,o = 0, ' 

^0,0 = -«4a5- 

(ii) //feo^O, 

^0,0 = — a2(«2 + 2a3 + a4 + as) — a4as. 

4.3.2 The case where x has a pole at t = 

Proposition 4.11. Suppose that for D^ i'^j)o<j<5^ there exists a solution such that x has 
a pole at t = and y, z, w are all holomorphic at t = 0. Then, (io,o = 0, — a4 + as. 

(1) If case (1) occurs in Proposition \2.S\ or if d^^Q = 0, then 

hofl = ai(l -«o)- 

(2) // case (2) occurs in Proposition \2.S\ or if d^^ = —a^ + as 7^ 0, then 

ho,o = ai(l - "o) -«4a5- 

4.3.3 The case where z has a pole at t = 

Proposition 4.12. Suppose that for Di^ i'^j)o<j<5^ there exists a solution such that z has 
a pole of order n {n> 1) at t = and x, y, w are holomorphic at t = 0. Then, 

ho,o = asias + 04 + as). 



52 



4.3.4 The case where x, z have a pole at t = 

Proposition 4.13. Suppose that for Dr, (ttj)o<j<5; there exists a solution such that x has 
a pole of order one at t = and z has a pole of order n (n > 1) at t = and y,w are 
both holomorphic at t = 0. 

(1) Assume that n > 2. Then, 

ho,o = T(-tto + tti)^ + ^("'^o + tti) + «3(tt3 + «4 + as)- 

(2) Assume that n = 1. Then, 6o,i = ~l/2; ai/(ao — cti)- 
(i) //6o,i = -l/2, 

ho,o = T(-ao + ai + 1)^ - -{a^ + a^f. 

(ii) //6o,i = ai/(ao-ai) 7^ -1/2, 

ho,o = ai(l - ao) + 03(03 + ^4 + as)- 

4.3.5 The case where y,w have a pole at t = 

Proposition 4.14. Suppose that for D^ {oj)o<j<5, there exists a solution such thaty,w 
both have a pole of order n [n > 1) att = and x, z are both holomorphic att = 0. Then, 

ho,o = 7(~'^4 + as)^ - a2{a2 + 2a^ + 0:4 + 0:5). 

4.4 The Laurent series of i7 at t = c G C* 

In this subsection, we compute the residue /ic,~i of /J at t = c G C* for a meromorphic 
solution of D5 (aj)o<j<5 at t = c. 

4.4.1 The case where x has a pole at t = c G C* 

Proposition 4.15. Suppose that for D^ (aj)o<i<5, there exists a solution such that x 
has a pole of order one at t = c E C* and y, z, w are all holomorphic at t = c. Then, 
bc,o = 0, -c. 

(1) If bcfi = 0, H is holomorphic at t = c. 

(2) // bcfi = — c, H has a pole of order one at t = c and 

he -I = Rest=cH = c. 
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4.4.2 The case where y has a pole at t = c G C* 

Proposition 4.16. Suppose that for Di^ ('^i)o<i<55 there exists a solution such thaty has 
a pole of order one at t = c E C* and x, z, w are all holomorphic at t = c. H is then 
holomorphic att = c. 

4.4.3 The case where z has a pole at t = c G C* 

Proposition 4.17. Suppose that for D^ {oij)o<j<5, there exists a solution such that z has 
a pole of order n {n > 1) at t = c E C* and x, y, w are all holomorphic at t = c E C*. H 
is then holomorphic at t = c. 

4.4.4 The case where w has a pole at t = c G C* 

Proposition 4.18. Suppose that for Di^ (%)o<i<5) there exists a solution such that w 
has a pole of order one at t = c E C* and x, y, z are all holomorphic at t = c. H is then 
holomorphic at t = c. 

4.4.5 The case where x, z have a pole at t = c G C* 

Proposition 4.19. Suppose that for D^ (ttj)o<j<5? there exists a solution such thatx,z 
both have a pole of order one att = cEC* and y, w are both holomorphic att = c. Then, 
{bc,o, 4,o) = (0, 0), (0, -c), (-C, 0), (-C, c). 

(1) // {bcfi, dcfi) = (0, 0), H is holomorphic at t = c. 

(2) Assume that {bcfi,dcfi) = (0, — c). Then, (ac,_i, Cc,-i) = (—2,1), (1,1). 
(i) // (oc,-!, Cc,-i) = (^2, 1), H has a pole of order one at t = c and 

he -I = Rest=cH = c. 

(ii) // (flc,-!, Cc,-i) = (1,1), H has a pole of order one at t = c and 

he -I = Rest=cH = c. 

(3) // {bcfi, dcfi) = (— c, 0), H has a pole of order one at t = c and 

he -I = Rest=cH = c. 

(4) Assume that {bcfi, dcfi) = {—c,c). Then, {ac-i,Cc-i) = (2,-1), (—1,-1). 
(i) // (oc,-!, Cc,-i) = (2,-1), H has a pole of order one at t = c and 

he -I = Rest=cH = 3c. 

(ii) // (oc,-!, Cc,-i) = (—1, —1), H is holomorphic at t = c. 
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4.4.6 The case where x, w have a pole at t = c G C* 

Proposition 4.20. Suppose that for Di^ ('^j)o<i<5) there exists a solution such thatx,w 
both have a pole of order one att = cEC* and y, z are both holomorphic att = c. Then, 

(&c,0,Ce,o) = (0,0),(0,l),(-C,0),(-C,l). 

(1) // {bcfi, Ccfi) = (0, 0), H is holomorphic at t = c. 

(2) // {bcfi, Ccfi) = (0, 1), H is holomorphic at t = c. 

(3) // {bcfi, Ccfi) = (— c, 0), H has a pole of order one at t = c and 

he -I = Rest=cH = c. 

(4) // (6c,o, Cc,o) = (— c, 1), H has a pole of order one at t = c and 

he -I = Rest=cH = c. 

4.4.7 The case where y,w have a pole at t = c G C* 

Proposition 4.21. Suppose that for D^ (ttj)o<i<55 there exist a solution such that y,w 
both have a pole of order n (n > 1) att = cEC* and x, z are both holomorphic at t = c. 
H is then holomorphic at t = c. 

4.5 A rational solution and its Hamiltonian H 

In this subsection, we obtain relation between hoo,o and /io,o for a rational solution of 

-D5 (ttj)o<i<5- 

Proposition 4.22. Suppose that for D^ (aj)o<j<5; there exists a rational solution. Then, 

hoofl ~ hofl = m, 

where m is a non-negative integer. 

Proof. From the discussions in the previous subsection, H has a pole of at most order 
one at t = c G C* and the residue of iJ at t = c G C* is expressed by n x c, where n is a 
non-negative integer. Then, if some of x, y, z, w have a pole at t = Ci, C2, . . . , c^ G C*, it 
follows that 

H = hao,noo^ °° + 'ioo,noo-l^ °° + ' • " + /ioo,0 
k 

riici 



1=1 ' 
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where noo, no, rii are non- negative integers. Thus, by comparing the constant terms of H 
at t = 0, we find that 



k 



1=1 
which proves the proposition. D 

5 The properties of the Backlund transformations 

In this section, we investigate the properties of the Backlund transformations. 

5.1 The properties of sq, si, S2, S3, S4 and S5 

Proposition 5.1. (0) If y + t = for Dl^ ('^j)o<i<5) then a^ = 0. 

(1) lfy = for ^5 (ai)o<j<5, then ai = 0. 

(2) If X — z = for Dl ioij)o<j<5, then 02 = or x = z = 1/2. 

(3) If w = for D\^ (<^i)o<j<5; then ^3 = or y = —t/2. 

(4) If z — 1 = for D^ ioij)o<j<5, then a^ = 0. 

(5) If z = for D5 (Q^i)o<i<5) then a^ = 0. 

Proof. We show case (2). The other cases can be proved in the same way. Considering 

tx' = 2x'^y + tx"^ — 2xy — {t + {2a2 + 2a^ + ^5 + a4)} x 

-(02 + «5) +2z{{z - l)w + as} 
tz' = 2z'^w + tz"^ — 2zw — {t + (as + ai)} z + 0:5 + 2yz{z — 1), 

we have 

02(1 -2x) = 0, 

which imphes that 



1 

0:2 = or X = z = -. 



D 



By Proposition 15. H we consider so,Si,S4 or S5 as the identical transformation if case 
(0), (1), (4) or (5) occurs in Proposition [5?T1 Moreover, we consider S2 or S3 as the identical 
transformation if x — ;i; = and ^2 = 0, or if w = and ^3 = 0. 
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5.2 More on the properties of S2 

Proposition 5.2. Suppose that x = z = 1/2 and 0:2 7^ 0. One of the following then 
occurs. 

(1) ao = «i = 1/2 ano? 

11 1 

y = -7:^ ~ 7; — (0^4 + a5)(-a4 + "5), w = (-a4 + 05) + - — (04 + a5)(-a4 + "s)- 

2 2^2 2(3^2 

(2) — ao + «! = 0, (^4 + a5)(— ^4 + 05) = and 

1 
y = --t, w = -a^ + a^. 

(3) cto + «! + 2a2 = 0, (—04 + «5)(a4 + 05) = and 

1 -ao + ai -ao + ai 

y = - o^ ^ A ^' ^ = A ^ + (-"4 + as)- 

2 4^2 4^2 

(4) tto + «! = 1) 0^2 = —1/2 s'^^ 

1 — ao + c^i , ,, , —ao + ai 
y = ~-t t+(a4+a5)(-a4+a5), w = t-(a4+a5)(-a4+a5) + (-a4+a5j 

Proof. It can be proved by direct calculations. D 

Proposition 15.21 implies that S2 transforms the solutions in Proposition 15.21 into a 
solution such that y = w = 00, which is called the "infinite solution." 

5.3 More on the properties of S3 

Proposition 5.3. Suppose that w = and a^ 7^ 0. One of the following then occurs. 

(1) (tto + ai)(— tto + ai) = and —04 + 0:5 = and 

1 / , „i 1 1 

a; = - + (-ao + ai)t , y = --t, 2; = -, w = 0, 

(2) (ao + cn)(— tto + en) = and 2^3 + 04 + as = anc? 

1 . _i 1 1 —0:4 + as 
X = - + (-ao + ai)t , 1/ = --t, z = , w = 0, 

(3) a4 = as = 1/2 and 

1 , / , ^.-l 1, 1 (ao + ai)(-ao + ai) 1 
x = - + (-ao + ai)t ,y=--t,z = - 1 ,w = 0, 

(4) a4 + as = 1 a?i(i as = —1/2 and 

1 1 1 1 — a4 + as . _^ 

X = - + (-ao + ai)t , y = --t, ^ = 2 "^ ^ ^ ("0 + ai)(-ao + "1)^ , u; = 0. 
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Proof. It can be proved by direct calculations. D 

Proposition 15.31 implies that S3 transforms the solutions in Proposition 15.31 into a 
solution such that z = 00, which is called the "infinite solution." 

6 Infinite solutions 

In the previous section, we have suggested a solution such that y = w = 00 or z = 00, 
which is called a "infinite solution." In this section, we treat such a solution. For this 
purpose, following Sasano [32], we introduce the coordinate transformations, which are 
defined by 

1712-. X2 = -{(X - Z)y - a2}y, y2 = -, Z2 = Z, W2 = W + y, (6.1) 

y 

mg : X3 = X, ys = y, z^ = -, W3 = -z{wz + as), (6.2) 

z 

We note that the case in which 7/2 = corresponds to the case in which y = w = 00 

and x,z ^ 00, and the case in which Z3 = corresponds to the case in which z = 00 and 

x,y,w ^ cxD. 

6.1 The case in which y,w = 00 

By setting ?/2 = 0, we can prove the following proposition: 

Proposition 6.1. Di^ (cto, ai, 0^2, as, 04, as) has a rational solution such that y,w = 00, 
if and only if one of the following occurs: 

(1) (ao + ai)(— tto + tti) = and oq + «i + 2a;2 = 1, 

(2) (tto + ai)(— tto + cti) = and (04 + a5)(— ^4 + 0:5) = 0. 
Furthermore, 

X2 = -j{ao-ai-2a2)t--{-a4 + a5){a4 + a;i), y2 = 0, Z2 = -, W2 = --^ + (-04 + 05), 

or 

1 1 

X = -, V = 00, -2 = -, W = 00. 

2 2 

Proof. We first note that m2 transforms the system of {x, y, z, w) into the system of 
(x2, 1/2, -22,^2), which is given by 

'tx2 = 2xly2 + 'itxlyl - 2tx2Z2 + [t + (2^3 + 0:4 + a^)}x2 - 2(ai + 2a2)tx2y2 + a2(«i + "2)^, 
ty'^ = -2x2y\ + 2^2 - 1 - 2tx2y\ + 2ty2Z2 - {t + (2^3 + 04 + 0L^))y2 + t(ai + 2a2)y\, 
tz'2 = 2zlw2 + tzl - 2Z2W2 - {t+ (as + a4)}z2 + as, 
tu72 = -2Z2W2 + W2- 2tz2W2 + {t + (as + a4)}u72 + 2a;2 + 2tx2y2 - (ai + 2a2 + a3)t. 



Substituting 1/2 = in 
t|/2 = -2x21/2 + 22:2 - 1 - 2tx2y2 + 2ty2Z2 - {t + (2a3 + 04 + 05) 1^2 + i(«i + 202)^2 ^ 

we have Z2 = 1/2. 
Considering 

t4 = 2^2 W2 + tzj - 2Z2W2 - {t + (0:5 + a4)}z2 + 0:5, 

we then obtain W2 = —t/2 + (—0:4 + 0:5). 
Therefore, considering 

tw2 = ~2z2wl + wl- 2tz2W2 + {t + {a^ + a4)}w2 + 2a;2 + 2ta;2y2 - ("1 + 2^2 + "3)^, 

we have X2 = — (ao — «! — 2q;2)^/4 — (—0:4 + tt5)(tt4 + o:^)/2. 
Thus, substituting the solution in 

tx'^ = 2x\y2 + "itxlyl - 2tx2Z2 + {t+ (20:3 + 04 + a;5)}a:2 - 2(«i + 2a2)tx2y2 + a2(ai + 0:2)^, 

we obtain 

1 1 

-(ao - «i)(a;o + ai)t + -(ao + ai + 2a;2 - l)(-a;4 + a5)(tt4 + ^5) = 0, 

which proves the proposition. D 

6.2 The case in which z = 00 

By setting zs = 0, we can show the following proposition: 

Proposition 6.2. Dg (a^, ai, a2, a^, a^, a^) has a rational solution such that z = 00, if 
and only if one of the following occurs: 

(1) (ao + «i)(— ao + «i) = and (0:4 + a5)(— 0:4 + 0:5) = 0, 

(2) 20:3 + 0:4 + 0:5 = 1 and (0:4 + 0:5) (—0:4 + 0:5) = 0. 
Furthermore, 

1 111 

X3 = - + (-ao+ai)^"\ 1/3 = -2^' ^3 = 0, W3 = -(2a3-a4+a5)+-(-ao+«i)(ao+ai)^"\ 

or 

X = — h (— tto + ttijt , y = — t, z = 00, w = 0. 
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Proof. We first note that 1713 transforms the system of {x, y, z, w) into the system of 
(0:3, 1/3, Z3, W3), which is given by 

''tx'^ = 2x31/3 + txl - 2x31/3 - {t + (2^2 + 2^3 + ^5 + tt4)}a^3 + 0:2 + 0:5 - 2m;3 + 2zsWs + 20:3, 
ty'^ = -2x3^1 + y'i~ 2tx3y3 + {t + (2^2 + 2^3 + 05 + tt4)}y3 - "i^, 
t4 = 22;| - 2zlw3 + {t + (2a3 + ^4 + a5)}'23 - t - (2^3 + as)^! - 2i/3 + 21/32:3, 

Jw'^ = -2z3wl - {t + (2^3 + ^4 + a5)}w3 + 32;|t(7| + 2(2^3 + a5)^3W3 - 2^/3^3 + a3(a3 + as) 

Substituting 2:3 = in 

t4 = 24 - 24^3 + {t+ (2^3 + ^4 + a5)}^3 - t - (2^3 + a5)z'^ - 2l/3 + 21/3Z3, 

we have 1/3 = — 1/2. 
Considering 

ty'^ = -2X3I/I + 1/3 - 2tX3|/3 + {t + (2a2 + 2^3 + ^5 + «4)}l/3 - «!*, 

we then obtain X3 = 1/2 + (— cto + tti)^^"'^- 
Therefore, considering 

txg = 2X3I/3 + txl ~ 2x31/3 - {t + (2^2 + 20:3 + 0:5 + «4)}a;3 + 0:2 + 0:5- 2ws + 2zsWs + 20:3, 
we have 

^3 = 2(^"o + ai)(ao + «i)t"^ + T(2a3 - «4 + "5)- 
Thus, substituting the solution in 

tWg = -2Z3WI -{t+ (2^3 + 04 + tt5)}w3 + 32:3^3 + 2(2^3 + a5)^3W3 - 21/3^3 + 03(03 + 05), 

we obtain 

--(-tto + «i)(ao + "i)(2q;3 + 0:4 + 0:5 - l)t"^ - t(-"4 + a5)(tt4 + as) = 0, 
which proves the proposition. D 

6.3 Backlund transformations and infinite solutions 

If X = 2; = 1/2 and 02 7^ 0, or if w = and 0:3 7^ 0, S2 or S3 is defined by 



{x,y,z,w) — > [ -,00, -,00 



{x,y,z,w) 



i- + {-ao + ai)t \--t, oo,0j 



respectively. 

From now on, we consider relationship between Backlund transformations and infinite 
solutions. 
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6.3.1 The case where y = w = oo 

By Proposition 16. II and m2, we can prove the following: 

Proposition 6.3. Suppose that for D\^ {c(j)o<j<5^ U 
Bdcklund transformations are then expressed as follows: 

(0) So : (1/2, oo, 1/2, oo) -^ (1/2, oo, 1/2, oo), 

(1) si : (1/2, oo, 1/2, oo) -^ (1/2, oo, 1/2, oo), 

(2) if as = 0, S2 : (1/2, oo, 1/2, oo) — > (1/2, oo, 1/2, oo 
if Ci2 7^ 0, by S2, the solution is transformed so that 



= w = oo. The action of the 



X = 

(3) 
(4) 
(5) 
(6) 
(7) 



(8) 
(9) 



1 
2'' 

■S3 

S4 

■S5 



y 



1 
— t- 

2 



"0 + "!, (— ^4 + a5)(tt4 + tts) 



4a2 



-t4 



;i/2, 00,1/2,00) 
:i/2,oo,l/2,oo) 
:i/2,oo,l/2,oo) 
(1/2,00,1/2,00) 



2a2 

:i/2,oo,l/2,oo), 
;i/2,oo,l/2,oo), 
;i/2,oo,l/2,oo), 
(1/2,00,1/2,00), 



1 
2' 



w 



—ao + ai (— ^4 + a5)(a4 + 0:5) 



Aaq 



2a2 



by 7r2, the solution is transformed so that 



X 



1 

2 



VTg: (1/2, 00, 1/2, 00) 
7r4 : (1/2,00,1/2,00) 



;-a4 + a5)t , y = 

-^(1/2,00,1/2,00), 
-^ (1/2,00,1/2,00). 



-t, z 



00, w 



Proof. By Proposition I6.H we first note that 

X2 = --(ao-"i-2a2)^--(-tt4 + a5)(tt4 + a5), 2/2 = 0, 2:2 = -, 



W2 = --t + i-a^ + a^). 



We treat case (2), especially the case where 02 7^ 0. The other cases can be proved in the 
same way. 

From the definition of S2 and m2, it follows that 



^2^2 [X2) 

S2m2\y2) 
S2m2\z2) 

S2m2^{w2) 



{-X2y2 + Ol2)y2 + Z2 = 1/2, 

-X2/{-X2y2 + 012) 

-t/2 - (-ao + tti)t/4a2 + (-^4 + «5)(«4 + «5)/2a2, 

^2 = 1/2, 

W2 +X2/{-X2y2 + a2) 

(-ao + «i)i^/{4a2} + (-«4 + tts) - 



-04 + «5)(«4 + «5)/{2a2}- 



n 
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6.3.2 The case where z = oo 

Proposition 6.4. Suppose that for D^ (aj)o<j<5, z = oo. The action of the Bdcklund 
transformations are then expressed as follows: 

(0) So : (1/2 + (-ao + ai)t"\ -t/2, oo, 0) ^ (1/2 + (-oq + ai)t"\ -t/2, oo, 0), 

(1) si : (1/2 + (-tto + ai)t"\ -t/2, oo, 0) ^ (1/2 + (-ao + ai)t"\ -t/2, oo, 0), 

(2) S2 : (1/2 + (-ao + ai)t"\ -t/2, oo, 0) -^ (1/2 + (-ao + ai)t"S -t/2, oo, 0), 

(3) tf as = 0, S3 : (1/2, oo, 1/2, oo) — > (1/2, oo, 1/2, oo), 
if a^ 7^ 0, % S3, the solution is transformed so that 

a; = - + (-ao + ai)t , y = --t, 2; = - + — + 1 , w = 0. 

Z II 4(3^3 ZQ;3 



(4) S4 

(5) S5 

(6) TTi 



;i/2 + (-ao + ai)t-\ -t/2, 00, 0) — > (1/2 + {-a^ + ai)r\ -t/2, 00, 0), 
;i/2 + (-ao + ai)t"\ -t/2, 00, 0) — > (1/2 + (-oq + ai)t^\ -t/2, 00, 0), 
(1/2 + (-ao + ai)t-\ -t/2, 00, 0) — ^ (1/2 + (-qq + ai)t"\ -t/2, 00, 0), 



(7) hy 7r2, the solution is transformed so that 

1 1 

(8) 7r3 : (1/2 + (-ao + ai)t-\ -t/2, 00, 0) — > (1/2 + {-oq + ai)t~\ -t/2, 00, 0), 

(9) 7r4 : (1/2 + {-ao + ai)t'\ -t/2, 00, 0) — ^ (1/2 + {-ao + ai)t-\ -t/2, 00, 0). 

Proof. By Proposition 16. 2 [ we first note that 

X3 = - + (-ao+ai)t~\ 2/3 = -^i, Z3 = 0, 103 = -(2a3-a4+a5)+-(-ao+ai)(ao+ai)t"\ 

We treat case (3), especially the case where 0:3 7^ 0. The other cases can be proved in the 
same way. 

From the definition of S3 and m^, it follows that 

S3mJ^(x3) = X3 = 1/2 + (-ao + ai)t~\ 

ssm^^iVs) =y3 = -t/2, 

ssm^^i^z^) = ws/izsWs + a-^) = 1/2 + (-04 + a5)/{4a3} + (-ao + ai)(ao + ai)/{2a3t}, 

S2m^^(w2) = -Z3{Z3W3 + a^) = 0. 

n 
7 Necessary conditions for type A 

In this section, we obtain necessary conditions for Dg ioij)o<j<5 to have rational solutions 
of type A. 
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7.1 The case in which x, y, z, w are all holomorphic at t = oo 
7.1.1 The case where (aoo,o, Coo,o) = (0,0) 

Let us treat the case where x, y, z, w are aU holomorphic at t = and 6o,o + dofl = and 
bo,o = 0. 

Proposition 7.1. Suppose that for DI^ ('^j)o<j<55 there exists a rational solution of type 
A such that x,y,z,w are all holomorphic at t = oo and (ctoo.o, Coo,o) = (0,0). Moreover, 
assume that x, y, z, w are all holomorphic att = and 6o,o + c^o.o = and 6o,o = 0. One of 
the following then occurs: 
(1) ai e Z, ^2 e Z, as G Z, a^ E Z, (2) ai G Z, 0:3 G Z, 0:4 G Z, ao + 0:2 G Z. 

Proof. Since floo.-i G Z and (&oo,o + c^oo.o) ~ (^0,0 + ^^0,0) ^ ^, it follows from Proposition 
ll.ll that 0^2 + 0^5 G Z and ai + 0:3 G Z. In order to obtain more necessary conditions, we 
consider the case where ai 7^ and the case where 04 7^ 0. 

We prove that ai G Z, if ai 7^ 0. Since ai 7^ 0, si(x, y,z,w) is a rational solution of 
D^ {ao, — ai, 0:2 + 0:1, 03, 04, 05) such that all of si{x, y, z, w) are holomorphic at t = 00 
and (aoo,o, Coo,o) = (1,0). Moreover, si{x) has a pole at t = and all of Si{y,z,w) are 
holomorphic at t = 0. Thus, we can obtain oi G Z, because O2+O5 G Z and aoo,-i— ao,-i ^ 
Z for si(a;,|/, z,w). 

We prove that 05 G Z, if 04 7^ 0. Since 04 7^ 0, S4^{x,y,z,w) is a rational solution of 
1^5 (oo, oi, 02, 03 + 04, — 04, 05) such that all of si(x, y, z, w) are holomorphic at t = 00 
and (aoo,o, Coo,o) = (0,0). Moreover, all of S4^{x,y,z,w) are holomorphic at t = and 
for S4{x,y, z,w), 60,0 + c^o.o = — (— 04) + as- Thus, we can obtain 05 G Z, because for 
S4(x, y, z, u;), (600,0 + docfi) - (bofi + rfo,o) e ^• 

Now, let us consider the following four cases: 

(1) oi 7^ 0, 04 7^ 0, (2) oi 7^ 0, 04 = 0, (3) oi =0, 04 7^ 0, (4) 01 = 04 = 0. 
If case (1) or (3) occurs, then it follows that oi G Z, 02 G Z, 03 G Z, 05 G Z. If case 

(2) or (4) occurs, it then follows that Oi G Z, 03 G Z, 04 G Z, oq + 02 G Z. D 

Let us deal with the case where x, y, z, w are all holomorphic at t = and 60,0 + '^0,0 = 
and 60,0 7^ 0. By si and S5, we can then prove the following proposition in the same way: 

Proposition 7.2. Suppose that for Di^ ('^j)o<j<5, there exists a rational solution of type 
A such that x,y,z,w are all holomorphic at t = 00 and (floo.o, Coo,o) = (0,0). Moreover, 
assume that x, y, z, w are all holomorphic att = and 60,0 + do^ = and 60,0 7^ 0. One of 
the following then occurs: 
(1) Oi G Z, 02 G Z, 03 G Z, 05 G Z, (2) Oq G Z, 02 G Z, 05 G Z, 03 + 04 G Z. 

Proof. Considering aoo,-i G Z and (6oo,o + <^oo,o) — (&o,o + '^o,o) ^ ^, we find that O2 + O5 G Z 
and Oi + 03 G Z. 
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We first prove that if ai 7^ 0, 02+0:3+04 G Z. Since oi 7^ 0, it follows that si{x, y, z, w) 
is a rational solution of D^ (oq,— 01,02 + 01,03,04,05) such that all of si{x,y, z^w) 
are holomorphic at t = 00 and (aoo,o, Coo.o) = (1;0). Moreover, all of si{x,y,z,w) are 
holomorphic at t = 0. We then obtain O2 + O3 + O4 G Z because aoo,-i G Z for Si(x, y, z, w). 

We next show that if 05 7^ 0, Oq + 03 + 04 G Z. Since 05 7^ 0, it follows that s^^w) 
has a pole at t = 00 and all s^i^x, y, z) are holomorphic at t = 00 and (aoo,0; Coo,o) = (0, 0). 
Moreover, all of s^{x, y, z, w) are holomorphic at t = and for 55(0;, y, z, w), 60,0 + do,o = 
— 04 — 05. We then obtain oq + 03 + 04 G Z because for S5{x,y,z,w), (600,0 + c^oo.o) — 
(&o,o + do^o) G Z. 

Therefore, if Oi 7^ 0, we have Oq G Z, 02 G Z, 05 G Z, 03 + 04 G Z. If Oi = 0, we obtain 
Oi G Z, 02 G Z, 03 G Z, 05 G Z. n 

Let us treat the case where x, y, z, w are all holomorphic at t = and 60,0 + c^o.o = 
— 04 + 05 7^ and 60,0 = 0. 

Proposition 7.3. Suppose that for D^ i'^j)o<j<5^ there exists a rational solution of type 
A such that x,y,z,w are all holomorphic at t = 00 and (aoo,0)Coo,o) = (0,0). Moreover, 
assume that x, y, z, w are all holomorphic at t = and 69,0 + c?o,o = ■~ct4 + ct5 7^ and 
60,0 = 0. Then, 

Oi G Z, 02 G Z, 05 G Z, 03 + 04 G Z. 

Proof. Since floo,-! G Z and (&oo,o + c^oo.o) ~ (^0,0 + c^o,o) G Z, it follows from Proposition 
ll.ll that 02 + 05 G Z and Oi + 03 + 04 — 05 G Z. 

We first prove that if Oi 7^ 0, Oq + Oi + 03 G Z. Since Oi 7^ 0, Si{x,y,z,w) is a rational 
solution of D^ (oq, — oi, 02 + oi, 03, 04, 05) such that all of si(x, y, z, w) are holomorphic 
at t = 00 and (aoo,o, Coo,o) = (1, 0). Moreover, Si(x) has a pole at t = and all of si{y, z, w) 
are holomorphic at t = 0. We then obtain oq + oi + 03 G Z because for si{x,y,z,w), 
doo-i — o-o-i G Z. 

Considering (600,0 + c^oo.o) ~ (60,0 + c^o,o) G Z for S4(x, y, z, w), we obtain 

04 G Z if 04 7^ and for (x, y, z, w), Co,o = 1/2 

05 G Z if 04 7^ and for (x, y, z, w), Co,o = 05/(— 04 + 05) 7^ 1/2. 

If Co,o = 1/2 for {x,y,z,w), it follows from Proposition 12.61 that 04 + 05 = 0, which 
implies that Oj G Z (0 < i < 5). 

If co,o 7^ 1/2 for (x, y, z, w) and 04 7^ 0, we obtain the necessary condition. If co,o 7^ 1/2 
for {x,y,z,w) and 04 = 0, we have Oi G Z, 04 G Z, 02 + 03 G Z, 02 + 05 G Z. We 
may then assume that oq + oi 7^ 1 and 02(01 + 02) 7^ 0. Therefore, it follows that 
siS2{x,y, z,w) is a rational solution of D^ (oq + 02, — oi — 02,01,03 + 02,04,05) such 
that both of SiS2{y,w) have a pole at t = 00 and both of SiS2{x,z) are holomorphic at 
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t = oo and (aoo.o, Coo,o) = (0,0). Moreover, all of siS2{x,y,z,w) are holomorphic at t = 
and 60,0 + dofl = —0:4 + 0:5. Thus, considering aoo,~i G Z for siS2{x,y,z,w), we find that 
fti G Z(0 <i'< 5). ' D 

Let us deal with the case where x, y, z, w are all holomorphic at t = and 60,0 + do,o = 
—a^ + 0:5 and 60,0 7^ 0. 

Proposition 7.4. Suppose that for DI^ (ttj)o<i<5) there exists a rational solution of type 
A such that x,y,z,w are all holomorphic at t = 00 and (aoo,0) Coo,o) = (0,0). Moreover, 
assume that x, y, z, w are all holomorphic at t = and 60,0 + (^0,0 = ~Oi4. + <^5 7^ and 
bofi 7^ 0. Either of the following then occurs: 

(1) tto G Z, 0:3 G Z, 0:4 G Z, ai + q;2 £ Z, (2) ag G Z, ^2 £ Z, 0:3 G Z, 0:5 G Z, 
(3) tti G Z, 0:2 G Z, 0:5 G Z, 0:3 + 0:4 G Z. 

Proof Considering aoo,-i G Z and (600,0 + c^oo.o) — (^0,0 + c^o.o) ^ ^ for (2^; I/; z, ui), we have 
02 + 0:5 G Z and ai + 0:3 + 0:4 — 0:5 G Z. 

Considering aoo,-i G Z for si(a;, y, z, w), we can prove that if ai 7^ 0, 0:3 G Z. Consid- 
ering (600,0 + c^oo.o) — (60,0 + c?o,o) £ ^ for S4(x, y, z, w), we can show that 

0:4 G Z if 0:4 7^ and for {x, y, z, w), Co,o = 1/2 

0:5 G Z if ^4 7^ and for (x, y, z, w), Co,o = a;5/(— 0:4 + 0:5) 7^ 1/2. 

If Co,o = 1/2 and ai 7^ 0, we obtain the necessary conditions. If Co,o = 1/2 and ai = 
0, we have ai G Z, ^4 G Z, 0:2 + 0:5 G Z, 0:2 + 0:3 G Z. We may then assume that 
tto + cti 7^ 1 and a2(cn + a2)(a4 + a5) 7^0. Therefore, siS2{x,y,z,w) is a rational solution 
of D^ '{ao + 0:2, —ai — Q;2,cti,Q;3 + 0:2, 0:4, ^5) such that both of SiS2{y,w) have a pole 
at t = 00 and both of SiS2{x,z) are holomorphic at t = 00 and (aoo,o, Coo,o) = (0,0). 
Moreover, all of SiS2{x, y, z, w) are holomorphic at t = 0. Thus, considering aoo,-i G Z for 
siS2{x, y, z, w), we see that aj G Z (0 < i < 5). 

If co,o 7^ 1/2 and ai 7^ 0, or 0:4 7^ 0, we can obtain the necessary conditions. 

If Cofi 7^ 1/2 and ai = 0:4 = 0, we have ai G Z, 0:4 G Z, 0:2 + «5 G Z, 0:2 + <^3 ^ 
Z. We may then assume that 0:5 7^ 0. Therefore, S5(a;,|/, z, w) is a rational solution of 
1^5 {ao, aia2, , ^3 + 0:5, 0:4, —as) such that both of S5{w) has a pole at t = 00 and all of 
s^i^x, y, z) are holomorphic at t = 00 and (aoo,0) Coo,o) = (0, 0). Moreover, all of s^{x, y, z, w) 
are holomorphic at t = 0. Considering (600,0 + 6^00,0) — (60,0 + 6^0,0) G Z for S5{x,y,z,w), 
we find that a^ G Z (0 < i < 5). D 

Let us treat the case where x has a pole at t = 0. 

Proposition 7.5. Suppose that for D^ ('^j)o<i<5) there exists a rational solution of type 
A such that x,y,z,w are all holomorphic at t = 00 and (aoo,o? Coo,o) = (0,0). Moreover, 
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assume that x has a pole at t = and y,z,w are all holomorphic at t = 0. One of the 

following then occurs: 

(1) ai G Z, 0:3 G Z, 0:5 e Z,ao + a2 E Z, (2) ai E Z,a5 E Z, ciq + «2 E Z, a^ + a^ E Z. 

Proof. Considering aoo,-i — ao,-i E Z, we first have ao ~ ai + a2 + a^ E Z. We next 
prove that if ai 7^ 0, ai + ^2 + Sas + 0:4 G Z. If ai 7^ 0, si(a;, y, z, w) is a solution 
of D^ {ao, —ai,a2 + ai, 0:3, a^, a^) such that all of si{x, y, z, w) are holomorphic at t = 
00 and (aoo,o? Coo,o) = (IjO). Moreover, all of si{x,y,z,w) are holomorphic at t = 0. 
Considering aoo-i — clo~i E Z for Si{x, y, z, w), we obtain ai + a2 + 20:3 + 0:4 G Z. 
Considering (600,0 + c^oo.o) - (&o,o + c^o.o) E Z, we have 

«! + 0:3 G Z if dofi = 0, 

«! + 0:3 + ^4 — as G Z if (io,o = —0:4 + 0:5 7^ 0. 

Moreover, if 0:5 7^ 0, considering (&oo,o + '^oo,o)~(^o,o + c^o,o) E Z for S5{x,y,z,w), we obtain 

tti + 0:3 — 0:5 G Z if for (x, y, z, w), dofi = 0, 

tto + 2^2 + 0:3 + 0:5 G Z if for (x, y, z, w), (io,o = — ^4 + 0:5 7^ 0. 

If (io,o = for {x,y,z,w), we have ai G Z, 0:3 G Z, as G Z, ao + ^2 G Z. If (io,o = 
—0:4 + tts 7^ for (x, y, z, w), we obtain ai G Z, 0:5 G Z, ao + CI2 ^ Z, a^ + ^4 G Z. D 

Let us deal with the case where z has a pole at t = 0. By Si, S4, we can then show the 
following proposition: 

Proposition 7.6. Suppose that for Di^ i'^j)o<j<5^ there exists a rational solution of type 
A such that x,y,z,w are all holomorphic at t = 00 and (aoo,o, Coo,o) = (0,0). Moreover, 
assume that z has a pole att = and x, y, w are all holomorphic at t = 0. Then, 

tti G Z, 0:3 G Z, 0:4 E Z,ao + a2 E Z. 

Proof. Considering aoo,-i G Z and (600,0 + c?oo,o) — (&o,o + '^0,0) E Z, we have 0:2 + ^5 G Z 
and ai + 0:3 G Z. 

If tti 7^ 0, considering aoo,-i — ao,-i G Z for Si(x, y, z, w), we obtain ao + '^2 + ^4 E Z. 
If 0:4 7^ 0, considering (600,0 + <^oo,o) ~ (^0,0 + '^0,0) E Z for S4(x, y, z, w), we have 0:4 G Z. 

Thus, we can obtain the necessary condition. D 

Let us treat the case where x, z have a pole at t = 0. By si, S4, we can then show the 
following proposition: 
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w, 



a 



j)o<j 



<5, there exists a rational solution of type 



Proposition 7.7. Suppose that for D 

A such that x,y,z,w are all holomorphic at t = oo and (aoo,0; Coo.o) = (0,0). Moreover, 

assume that x, z both have a pole att = and y, w are both holomorphic att = 0. One of 

the following then occurs: 

(1) ao e Z, 02 E Z, a^ G Z, 0:3 + as G Z, (2) ai G Z, 0:2 G Z, a-^ G Z, 0:4 G Z. 

Proof. We treat the case where z has a pole of order n (n > 2) at t = 0. If z has a pole of 
order one at t = 0, we can prove the proposition in the same way. 

Considering aoo,-i — ao,-i ^ ^ and (600,0 + c^oo.o) ~ (^0,0 + do^) G Z, we have aQ — ai + 
«2 + ^5 G Z and ai + ^3 G Z. 

If «! 7^ 0, considering aoo^_i — ao,-i G Z for Si(x, y, 2;, w), we have Oq ^ ^- If ct4 7^ 0, 
considering (600,0 + c?oc,o) — (60,0 + c^o,o) ^ Z for S4(x, y, z, w), we obtain 04 G Z. 

Therefore, we can obtain the necessary conditions. D 

Let us deal with the case where y, w have a pole at t = 0. 

Proposition 7.8. Suppose that for DI^ i'^j)o<j<5^ there exists a rational solution of type 
A such that x,y,z,w are all holomorphic at t = 00 and (aoo,o, Coo,o) = (0,0). Moreover, 
assume that y, w both have a pole at t = and x, z are both holomorphic at t = 0. Then, 

ao G Z, ai G Z, 0:2 G Z, 0^3 G Z, 0:4 G Z, 0:5 G Z. 

Proof. Considering aoo,-i — cto,-i ^ Z and (600,0 + c?oo,o) — (60,0 + c?o,o) £ Z, we have 
a2 + as G Z and ai + 03 + 0:4 — 0:5 G Z. 

If tto 7^ 0, considering aoo,-i — ao,-i ^ ^ ^oi Sq{x, y, z, w), we have a^ G Z. If 0:4 7^ 0, 
considering (600,0 + c^oc.o) — (60,0 + c^o.o) ^ ^ for s^^x, y, z, w), we have 04 G Z. 

Therefore, by Proposition 12. 21^ we can obtain the necessary conditions. D 

Let us summarize necessary conditions for D^ i'^j)o<j<5 to have a rational solution of 
type A such that x, y, z, w are all holomorphic at t = 00 and (aoc,o, Coo,o) = (0, 0). 

Proposition 7.9. Suppose that for Di^ ('^i)o<j<5) there exists a rational solution of type 
A such that x,y,z,w are all holomorphic at t = 00 and (aoo,o, Coo,o) = (0,0). One of the 
following then occurs: 



(1) ai G Z 

(3) ai G Z 

(5) ao G Z 

(7) aoeZ 

(9) tto e Z 



0:2 G z 
a2 E Z 
a2 E Z 
a-sEZ 
a2 E Z 



a-i eZ 
(x-iEZ 
0:5 G Z 
«4 G Z 
0:4 G Z 



as G Z, (2) ao G Z 

^4 E Z, (4) ai G Z 

0:3 + 0:4 G Z, (6) «! G Z 

ai + a2 e Z, (8) «i G Z 

a3 + a5GZ, (10) «i G Z 



0:2 G Z, 0^3 G Z, as G Z, 

^3 G Z, ^4 G Z, tto + tt2 £ Z, 

(I2 G Z, a^ E Z, 0:3 + 0^4 G Z, 

«3 G Z, as G Z, ao + ^2 G Z, 

as G Z, ao + a2 G Z, as + a4 G Z. 
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7.1.2 The case where (aooo,c, 



00,0) '^00,0/ 



:i,o) 



Proposition 7.10. Suppose that for Di^ ('^j)o<j<5) there exists a rational solution of type 



A such that x, y, z, w are all holomorphic at t 
following then occurs: 



(1) 
(3) 
(5) 
(7) 
(9) 



ai gZ 


^2 G Z, 


ai gZ 


«2 e Z, 


aoeZ 


as ez, 


aoGZ 


^2 G Z, 


aoGZ 


a4 G Z, 



as G Z, a^ e Z, 

as G Z, a4 G Z, 

ai + a2 G Z, as + a4 G Z, 

as G Z, a4 G Z, 

ai + a2 G Z, as + as G Z, 



oo an(i (aoo,o, Coo,o) 



(2) 
(4) 
(6) 



(10) 



ao gZ 


asGZ, 


ai gZ 


asGZ, 


ai gZ 


a2 G Z, 


ai gZ 


asGZ, 


ai gZ 


asGZ, 



;i,0). One of the 

as G Z, ai + a2 G Z, 
a4 G Z, ao + a2 G Z, 
as G Z, as + a4 G Z, 
as G Z, ao + a2 G Z, 
ao + a2 G Z, as + a4 G Z. 



Proof. If ai 7^ 0, Si(x, y, 2;,t(;) is a rational solution of type A of Dg (ao, — ai,a2 + 
ai,a3,a4,as) such that all of si{x,y, z,w) are holomorphic at t = oo and (aoo,,Coo,o) = 
(1,0). Thus, the proposition follows from Proposition 17.91 

Let us assume that ai = and a2 7^ 0. S2{x, y, z, w) is a then rational solution of type 
A of D5 (ao + a2, a2, — a2, as + a2, a4, as) such that all of S2{x, y, z, w) are holomorphic 
at t = 00 and (aoo,,Coo,o) = (1)0)- Thus, by the above discussion, we can obtain the 
necessary conditions. 

Let us assume that ai = a2 = and ao 7^ 0. By sq and the above discussion, we can 
then obtain the necessary conditions. 

Let us assume that ao = ai = a2 = and as 7^ 0. Then, by ttsSs and Proposition 17.9^ 
we can obtain the necessary conditions. 

Let us assume that ao = ai = a2 = as = and a4 7^ 0. By S4 and the above 
discussion, we can then obtain the necessary conditions. Furthermore, if ao = ai = a2 = 
as = a4 = 0, the proposition is obvious. D 



7.1.3 The case where (aoo,0) Coo,o) = (0,1) 

By TTs and Proposition 17.101 we can prove the following proposition. 

Proposition 7.11. Suppose that for D^^ (q^j)o<j<5, there exists a rational solution of type 
A such that x, y, z, w are all holomorphic at t 
following then occurs: 



(1) ai G Z 

(3) ai G Z 

(5) ao G Z 

(7) aoGZ 

(9) ao G Z 



, "2 


G 


Z, 


, "2 


G 


Z, 


, ^4 


G 


z, 


, "2 


G 


z, 


, "5 


G 


z. 



as G Z, a4 G Z, 
as G Z, as G Z, 
ai + a2 G Z, as + as G Z, 
as G Z, as G Z, 
ai + a2 G Z, as + a4 G Z, 
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00 and (aoo,o,c 


00,0) = (0,1). One of the 




(2) ao G Z, 


as G Z, a4 G Z, ai + a2 G Z, 




(4) ai G Z, 


as G Z, as G Z, ao + a2 G Z, 




(6) ai G Z, 


a2 G Z, a4 G Z, as + as G Z, 




(8) ai G Z, 


as G Z, a4 G Z, ao + a2 G Z, 




(10) ai G Z, 


a4 G Z, ao + a2 G Z, as + as 


GZ 



7.1.4 The case where (aoo,o, Coo,o) = (1? 1) 

By TTa and Proposition 17.91 we can show the foUowing proposition. 

Proposition 7.12. Suppose that for D^ (ttj)o<j<55 there exists a rational solution of type 



A such that x,y,z,w are all holomorphic at t 
following then occurs: 



oo and ia^o o, c, 



oo,0j 



^1,1). One of the 



(1) ai G Z, 02 e Z 

(3) ai G Z, as e Z 

(5) tto e Z, aa e Z 

(7) ao G Z, ag G Z 

(9) ao e Z, a2 e Z 



0:3 G Z 
«3 G Z 
^4 G Z 
as G Z 
as ez 



a4 G Z, (2) ao G Z, a2 G Z, aa G Z, a4 G Z, 

as G Z, (4) ai G Z, as G Z, as G Z, ao + a2 G Z, 

as + as G Z, (6) ai G Z, a2 G Z, a4 G Z, as + as G Z, 

ai + a2 G Z, (8) ai G Z, a^^ E Z, a4 G Z, ao + a2 G Z, 

as + a4 G Z, (10) ai G Z, a4 G Z, ao + a2 G Z, as + as G Z. 



00 



7.2 The case where y has a pole at t 

7.2.1 The case where (aoo,0; Coo,o) = (0,0) 

By TTi and Proposition I7.12[ we can prove the following proposition. 

Proposition 7.13. Suppose that for D\^ {(^j)o<j<5i there exists a rational solution of 
type A such that y has a pole at t = 00 and x, z, w are all holomorphic at t = 00 and 
(^00,05 Coo, 0) = (0,0). One of the following then occurs: 



(1) ao G Z, a2 G Z 

(3) ao G Z, a2 G Z 

(5) ai G Z, a2 G Z 

(7) ai G Z, as G Z 

(9) ai G Z, a2 G Z 



, "3 


G 


Z, 


, «3 


G 


Z, 


, "5 


G 


z, 


, «4 


G 


z, 


, ^4 


G 


z, 



as G Z, (2) 

a4 G Z, (4) 

as + a4 G Z, (6) 

ao + a2 G Z, (8) 



ai G Z, a2 G Z, as G Z, as G Z, 

ao G Z, as G Z, a4 G Z, ai + a2 G Z, 

ao G Z, a2 G Z, as G Z, as + a4 G Z, 

ao G Z, as G Z, as G Z, ai + a2 G Z, 



as + as G Z, (10) ao G Z, as G Z, ai + a2 G Z, as + a4 G Z. 



7.2.2 The case where (floo.o, Coo,o) = (1,0) 

By TTi and Proposition 17. IH we can prove the following proposition. 



Proposition 7.14. Suppose that for D\^ ('^i)o<i<5, there exists a rational solution of 
type A such that y has a pole at t = 00 and x, z, w are all holomorphic at t = 00 and 
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(^00,05 Coo,o) = (1)0). One of the following then occurs: 



(1) 


a^eZ, 


as e z 


as G Z, as G Z, (2) 


ai gZ, 


(3) 


aoGZ, 


tts e Z 


ag G Z, a4 G Z, (4) 


ao gZ, 


(5) 


ai gZ, 


ttsGZ 


«o + «2 G Z, as + a4 G Z, (6) 


ao gZ, 


(7) 


ai G Z, 


a2 G Z 


as G Z, a4 G Z, (8) 


ao GZ, 


(9) 


ai G Z, 


a4 G Z 


ao + aa G Z, as + ag G Z, (10) 


ao GZ, 



as G Z, a^ E Z, ao + as G Z, 
as G Z, a4 G Z, ai + as G Z, 
as G Z, a^ E Z, as + a4 G Z, 
as G Z, a^ E Z, ai + as G Z, 
as G Z, ai + as G Z, as + a4 G Z. 



7.2.3 The case where (aoo,0) Coo,o) = (0,1) 

By TTi and Proposition I7.10[ we can obtain the following proposition: 



a 



,7V0<i 



Proposition 7.15. Suppose that for D\^ I 

type A such that y has a pole at t = oo and x, z, w are all holomorphic at t 

(ooo.o, Coo.o) = (0, 1). One of the following then occurs: 



<s, there exists a rational solution of 

oo and 



(1) 


aoGZ 


as gZ 


as G Z, a4 G Z, (2) 


ai gZ 


as gZ, 


(3) 


aoGZ 


as G Z 


as G Z, as G Z, (4) 


ao gZ 


asGZ, 


(5) 


ai gZ 


a4 G Z 


ao + as G Z, as + as G Z, (6) 


ao gZ 


asGZ, 


(7) 


ai gZ 


as GZ 


as G Z, as G Z, (8) 


ao gZ 


as GZ, 


(9) 


ai gZ 


as GZ 


ao + as G Z, as + a4 G Z, (10) 


ao gZ 


a4GZ, 



a4 G Z, ao + as G Z, 
as G Z, ai + as G Z, 
a4 G Z, as + as G Z, 
a4 G Z, ai + as G Z, 
ai + as G Z, as + as G Z. 



7.2.4 The case where (aoo,0; Coo,o) = (1, 1) 

By TTi and Proposition I7.9[ we can prove the following proposition: 



Proposition 7.16. Suppose that for D 



W, 



a 



j)0<j<5, 



there exists a rational solution of 



type A such that y has a pole at t = oo and x, z, w are all holomorphic at t 
(^00,05 Coo,o) = (1)1)- One of the following then occurs: 



oo and 



(1) aoGZ 

(3) ao G Z 

(5) ai G Z 

(7) ai G Z 

(9) ai G Z 



, as G Z 


"sGZ, 


, as G Z 


as GZ, 


, as GZ 


a4 G Z, 


, as GZ 


asGZ, 


, as G Z 


asGZ, 



a4 G Z, (2) 

as G Z, (4) 

as + as G Z, (6) 

ao + as G Z, (8) 



ai G Z, as G Z, as G Z, a4 G Z, 

ao G Z, as G Z, as G Z, ai + as G Z, 

ao G Z, as G Z, a4 G Z, as + as G Z, 

ao G Z, as G Z, a4 G Z, ai + as G Z, 



as + a4 G Z, (10) ao G Z, a4 G Z, ai + as G Z, as + as G Z. 
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7.3 The case where w has a pole sd t = oo 

7.3.1 The case where (aoo,o, Coo,o) = (0,0) 

By 7T2 and Proposition 17.15^ we can prove the following proposition: 



Proposition 7.17. Suppose that for D 



(1), 



a 



'j)o<j 



<5, there exists a rational solution of 

oo and 



type A such that w has a pole at t = oo and x, y, z are all holomorphic at t 
(floo.o, Coo.o) = (0,0). One of the following then occurs: 



(1) 


ai gZ 


as e Z 


0:3 G Z, 0:5 G Z, 


(2) 


ai gZ 


a2GZ, 


(3) 


aoeZ 


aa e Z 


as G Z, as G Z, 


(4) 


ao gZ 


a2 G Z, 


(5) 


ai gZ 


a^eZ 


ao + a2 G Z, 03 + a^ e Z, 


(6) 


ai gZ 


asGZ, 


(7) 


aoGZ 


02 e z 


as G Z, a4 G Z, 


(8) 


ai gZ 


a2GZ, 


(9) 


aoeZ 


^4 e z 


ai + a2 G Z, as + as G Z, 


(10) 


ai gZ 


as G Z, 



a4 G Z, as + as G Z, 
as G Z, as + a4 G Z, 
as G Z, ao + a2 G Z, 
as G Z, as + a4 G Z, 
ao + a2 G Z, as + a4 G Z. 



7.3.2 The case where (aoo,o, Coo,o) = (1,0) 

By using Ss in the same way as Proposition 17.101 we can prove the following proposition. 

Proposition 7.18. Suppose that for D}^ (<^i)o<i<5, there exists a rational solution of 
type A such that w has a pole at t = 00 and x, y, z are all holomorphic at t = 00 and 
(aoo.o, Coo.o) = (1)0). One of the following then occurs: 



(1) 


ai gZ 


as G Z 


as G Z, as G Z, 


(2) 


ao GZ 


as G Z, 


(3) 


ai gZ 


a2 G Z 


a4 G Z, as + as G Z, 


(4) 


ai gZ 


a4 G Z, 


(5) 


ao gZ 


asGZ 


ai + a2 G Z, as + a4 G Z, 


(6) 


ai gZ 


a2 GZ, 


(7) 


ao gZ 


a2 G Z 


a4 G Z, as + as G Z, 


(8) 


ai gZ 


as G Z, 


(9) 


ao gZ 


as GZ 


a4 G Z, ai + a2 G Z, 


(10) 


ai gZ 


as GZ, 



as G Z, ai + a2 G Z, 

ao + a2 G Z, as + as G Z, 

as G Z, as + a4 G Z, 

as G Z, ao + a2 G Z, 

ao + a2 G Z, as + a4 G Z. 



7.3.3 The case where (aoo,o, Coo,o) = (0, 1) 

By using tts and Proposition 17. 18^ we can prove the following proposition: 

Proposition 7.19. Suppose that for D^ (c^j)o<j<5, there exists a rational solution of 
type A such that w has a pole at t = 00 and x,y,z are all holomorphic at t = 00 and 
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(^00,05 Coo,o) = (0, 1). One of the following then occurs: 



(1) 


ai gZ, 


012 G Z, 


0:3 G Z, 0:4 G Z, 


(2) 


ao ez, 


(3) 


ai gZ, 


^2 e z, 


0:5 G Z, 0:3 + ^4 G Z, 


(4) 


ai gZ, 


(5) 


ao ez, 


a4 gZ, 


tti + ^2 G Z, as + ^5 G Z, 


(6) 


tti gz, 


(7) 


aoGZ, 


a2 G Z, 


05 G Z, ^3 + 04 G Z, 


(8) 


ai gZ, 


(9) 


aoGZ, 


"3 G Z, 


0:5 G Z, ai + 0:2 G Z, 


(10) 


ai gZ, 



as G Z, 0:4 G Z, ai + 0^2 G Z, 

as G Z, ao + a2 G Z, as + a4 G Z, 

a2 G Z, a4 G Z, as + as G Z, 

as G Z, a4 G Z, ao + a2 G Z, 

a4 G Z, ao + a2 G Z, as + as G Z. 



7.3.4 The case where (aoo,0; Coo,o) = (l? 1) 

By using tts and Proposition I7.17[ we can prove the following proposition: 



a 



,7V0<j 



Proposition 7.20. Suppose that for D\ '\ 

type A such that w has a pole at t = 00 and x, y, z are all holomorphic at t 

(ooo.o, Coo,o) = (1, !)• One of the following then occurs: 



<s, there exists a rational solution of 

00 and 



(1) 


ai gZ 


a2 gZ 


as G Z, a4 G Z, (2) 


ai gZ 


a2 GZ, 


(3) 


ao gZ 


a2 G Z 


as G Z, a4 G Z, (4) 


ao GZ 


a2 G Z, 


(5) 


ai gZ 


asGZ 


ao + a2 G Z, as + a4 G Z, (6) 


ai gZ 


as G Z, 


(7) 


ao gZ 


a2 GZ 


as G Z, as G Z, (8) 


ai gZ 


a2 GZ, 


(9) 


ao gZ 


as G Z 


ai + a2 G Z, as + a4 G Z, (10) 


ai gZ 


a4 G Z, 



as G Z, as + a4 G Z, 
a4 G Z, as + as G Z, 
a4 G Z, ao + a2 G Z, 
a4 G Z, as + as G Z, 
«o + «2 e Z, as + as G Z. 



7.4 The case where 7/, w; have a pole at t = 00 

7.4.1 The case where (aoo,o, Coo,o) = (0,0) 

By 7r4 and Proposition 17.17^ we can show the following proposition: 



(1), 



a 



iJo<j 



Proposition 7.21. Suppose that for D 

A such that y, w both have a pole at t = 00 and x, z are both holomorphic at t 

(000,0,^00,0) = (0,0). One of the following then occurs: 



<5, there exists a rational solution of type 

cxD and 



(1) 


aoGZ, 


^2 GZ, 


as G Z, as G Z, 


(2) 


ao GZ, 


^2 GZ, 


(3) 


ai gZ, 


^2 e Z, 


as G Z, as G Z, 


(4) 


ai gZ, 


^2 ez. 


(5) 


aoGZ, 


a4 GZ, 


ai + a2 G Z, as + as G Z, 


(6) 


ao GZ, 


«3 G Z, 


(7) 


aiGZ, 


^2 GZ, 


as G Z, a4 G Z, 


(8) 


ao gZ, 


02 GZ, 


(9) 


ai gZ, 


a4 G Z, 


ao + "2 G Z, as + as G Z, 


(10) 


ao gZ, 


«5GZ, 



a4 G Z, as + as G Z, 
as G Z, as + a4 G Z, 
as G Z, ai + a2 G Z, 
as G Z, as + a4 G Z, 
ai + a2 G Z, as + a4 G Z. 
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7.4.2 The case where (aoo,o, Coo,o) = (1, 0) 

By 7r4 and Proposition 17.181 we can show the foUowing proposition: 

Proposition 7.22. Suppose that for D\ (ttj)o<j<55 there exists a rational solution of type 
A such that y, w both have a pole at t = oo and x, z are both holomorphic at t = oo and 
(floo.o, Coo,o) = (1)0). One of the following then occurs: 

(1) ao eZ, a2 e Z, «3 G Z, a^ e Z, (2) ai G Z 

0:4 G Z, 0:3 + 0:5 G Z, (4) ao e Z 

ao + a2 E Z, 03 + 0:4 G Z, (6) ao G Z 

^4 G Z, 03 + as G Z, (8) ao G Z 



(3) ao G Z, aa G Z 

(5) ai G Z, as G Z 

(7) ai G Z, as G Z 

(9) ai G Z, a3 G Z 



a4 G Z, ao + a2 G Z, 



(10) ao G Z 



a3 G Z, as G Z, ao + as G Z, 

a4 G Z, ai + a2 G Z, a3 + as G Z, 

a2 G Z, as G Z, a3 + a4 G Z, 

a3 G Z, as G Z, ai + a2 G Z, 

as G Z, ai + a2 G Z, a3 + a4 G Z. 



7.4.3 The case where (aoo,o, Coo,o) = (0, 1) 

By 714 and Proposition I7.19[ we can show the foUowing proposition: 



Proposition 7.23. Suppose that for D 



(1), 



a 



'j)o<j 



<5, there exists a rational solution of type 



A such that y, w both have a pole at t = 00 and x, z are both holomorphic at t 
(c^oo.O) Coo,o) = (0,1)- One of the following then occurs: 



00 and 



(1) 


ao gZ 


a2 gZ 


a3 G Z, a4 G Z, 


(2) 


ai gZ 


"3 e Z, 


(3) 


ao gZ 


a2 gZ 


as G Z, a3 + a4 G Z, 


(4) 


ao GZ 


asGZ, 


(5) 


ai gZ 


a4 G Z 


ao + a2 G Z, a3 + as G Z, 


(6) 


ao GZ 


a2 G Z, 


(7) 


ai gZ 


a2 GZ 


as G Z, a3 + a4 G Z, 


(8) 


ao GZ 


«3 e Z, 


(9) 


ai gZ 


a3 GZ 


as G Z, ao + a2 G Z, 


(10) 


ao GZ 


a4 GZ, 



a4 G Z, ao + a2 G Z, 

ai + a2 G Z, a3 + a4 G Z, 

a4 G Z, a3 + as G Z, 

a4 G Z, ai + a2 G Z, 

ai + a2 G Z, a3 + as G Z. 



7.4.4 The case where (000,0, Coo,o) = (1, 1) 

By 714 and Proposition 17.20^ we can show the following proposition: 

Proposition 7.24. Suppose that for D^ {oij)o<j<5, there exists a rational solution of type 
A such that y, w both have a pole at t = 00 and x, z are both holomorphic at t = 00 and 
(aoo,0; Coo,o) = (1;1)- One of the following then occurs: 



(1) «oeZ 

(3) ai G Z 

(5) ao G Z 

(7) ai G Z 

(9) ai G Z 



, tt2 


G 


Z, 


, "2 


G 


Z, 


, "5 


G 


Z, 


, ^2 


G 


Z, 


, "5 


G 


Z, 



a3 G Z, a4 G Z, (2) ao G Z 

a3 G Z, a4 G Z, (4) ai G Z 

ai + a2 G Z, a3 + a4 G Z, (6) ao G Z 

a3 G Z, as G Z, (8) ao G Z 

ao + a2 G Z, a3 + a4 G Z, (10) ao G Z 
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7 tt2 


G 


Z, 


, "2 


G 


Z, 


, aa 


G 


Z, 


7 tt2 


G 


Z, 


, a4 


G 


Z, 



as G Z, a3 + a4 G Z, 
a4 G Z, a3 + as G Z, 
a4 G Z, ai + a2 G Z, 
a4 G Z, a3 + as G Z, 
ai + a2 G Z, a3 + as G Z. 



8 Necessary conditions for type B 

In this section, we obtain necessary conditions for D^ {c(j)o<j<5 to have a rational solution 
of type B, that is, a solution such that 600,1 + c?oo,i = —1/2. For this purpose, we use the 
formulas, 

0-00,-1 — ^0,-1 € Z, (600,0 + '^00,0) — (^0,0 + <^o,o) £ ^; ^00,0 — ^0,0 £ ^• 

8.1 The case where y has a pole at t = 00 

8.1.1 The case where x,y,z,w are holomorphic at t = 

From Proposition 11.491 and I2.22[ it follows that 600,0 + '^00,0 = 0, —a^ + a^ and 60,0 + (^0,0 = 
0, —04 + 05. Thus, we consider the following four cases: 

(1) &oo,o + doo,o = -c^A + "5 and 60,0 + do,o = 0, 

(2) 600,0 + c?oo,o = and 60,0 + c?o,o = -"4 + "5, 

(3) 600,0 + doofi = -^4 + 05 7^ and 60,0 + ^0,0 = -"4 + 05, 

(4) 600,0 + doo,o = and 60,0 + 4,0 = 0. 

From Proposition II. 10^ 11.161 and 13. 9^ considering aoo,-i — ao,-i ^ ^) we find that 
— ao + «! G Z. 

Proposition 8.1. Suppose that for DI^ (%)o<i<55 there exists a rational solution of type 
B such that y has a pole at t = 00 and x, z, w are all holomorphic at t = 00. Moreover, 
assume that x, y, z, w are all holomorphic at t = and one of the following occurs: 

(1) 600,0 + doo,o = -"4 + as and 60,0 + c?o,o = 0, 

(2) 600,0 + doofi = and 60,0 + c?o,o = -"4 + "5. 
Then, 

—ao + «i G Z, —04 + 05 G Z. 

Proof. From Proposition II. 10[ II. 16l and l3.9[ we find that — ao+cn ^ Z. Moreover, from the 
assumption and Proposition 13.91 and the residue theorem, we observe that —a^ + 0:5 G Z, 
which proves the proposition. D 

Proposition 8.2. Suppose that for D^ ('^j)o<j<55 there exists a rational solution of type 
B such that y has a pole at t = 00 and x, z, w are all holomorphic at t = 00. Moreover, 
assume that x, y, z, w are all holomorphic at t = and 

600,0 + doo,o = -"4 + as 7^ 0, 60,0 + do,o = -^4 + ^5, 60,0 7^ 0. 

Then, 

— tto + «! G Z, ao + ai e Z. 
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Proof. Since — ao + ai G Z, we can assume that ao ^ 0. so{x,y, z,w) is then a rational 
solution of type B of Di^ (— ao, «!, 0^2 + ao, ^3, ^45 ^5) such that so{y) has a pole at t = 00 
and so{x), so{z), so{w) are all holomorphic at t = 00. Furthermore, all of so{x, y, z, w) are 
holomorphic at t = 0. Thus, since aoo,-i ~cfo,-i ^ ^i it follows from Proposition ll.lO[ 11.161 
and 13.91 that 

tto + «! = — (— ao) + «! = — Rest=oo'So(a^) £ Z, 

which the proposition. D 

Proposition 8.3. Suppose that for D^ i'^j)o<j<5^ there exists a rational solution of type 
B such that y has a pole at t = 00 and x, z, w are all holomorphic at t = cxd. Moreover, 
assume that x, y, z, w are all holomorphic at t = and 

boofi + doofl = -"4 + as 7^ 0, 60,0 + dofl = -04 + "s, &o,o = 0, co,o = 1/2. 

One of the following then occurs: 

(1) — ao + «! G Z, 2^3 + 04 + as = 0, (2) — «o + ai G Z, 04 + as = 0. 

Proof. We can assume that 2a3 + 04 + as 7^ 0. Since 60,0 = and co,o = 1/2, it follows 
from Proposition 12.61 that 0:4 + as = 0. D 

Proposition 8.4. Suppose that for Di^ {'^j)o<j<5, there exists a rational solution of type 
B such that y has a pole at t = 00 and x,z,w are all holomorphic at t = 00. Moreover, 
assume that x, y, z, w are all holomorphic at t = and 

boofi + doofl = -oiA + as 7^ 0, 60,0 + c?o,o = -"4 + "s, &o,o = 0, co,o 7^ 1/2. 

Either of the following then occurs: 

(1) — ao + ai G Z, 2a3 + a4 + as G Z, (2) — ao + ai G Z, a4 + as G Z. 

Proof. We assume that — ao + ai G 2Z. If (— ao + ai) — 1 G 2Z, the proposition can be 
proved in the same way. 

For the proof, we consider the following two cases: (1) Coo,o = 1/2, (2) Coo,o 7^ 1/2. 
We first deal with case (1). For this purpose, we use hoofi — h^Q G Z. From Proposition 
Oland glOl it follows that 

-(-a4 + as)^ + a4as G Z. 

7r2(a;, y, z, w) is a rational solution of D^ (as, ^4, Q^s, ^2, ai, ao) of type B such that n2{y) 
has a pole at t = 00 and all of tt2{x,z,w) are holomorphic at t = cxd. Moreover, 7r2(a;) 
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has a pole at t = and all of TC2{y,z,w) are holomorphic at t = and Coo,o = 1/2 and 
do,o = 0. It then follows from Proposition 14.51 and I4.1H that 

-(-04 + as)^ - ^("4 + as) + a4a5 e ^■ 

Therefore, we find that 0:4 + as G 2Z. 

Let us treat case (2). From Proposition 14.61 and I4.10[ it follows that 

-(203 + 04 + 05)^ e z. 

iT2{x, y, z, w) is a rational solution of D^ (as, a4, 0^3, a2, ai, ao) of type B such that either 
of the following occurs: 

(i) 7i2{w) has a pole at t = 00 and all of 7i2{x, y, z) are holomorphic at t = 00, 
(ii) both of ii2{y,w) have a pole of order one at t = 00 and both of 7i2{x,z) are holo- 
morphic at t = 00. 

Moreover, 7r2(x) has a pole at t = and all of 7T2{y, z, w) are holomorphic at t = 0. Now, 
we suppose that case (ii) occurs. For 7i2{x,y,z,w), case (1) then occurs in Proposition 
11.411 and (io,o = 0. From Proposition 14.91 and 14. m it follow that 

-(2^3 + ^4 + a^y - -(2^3 + a4 + a^) E Z. 

Therefore, we find that 203 + 04 + as G 2Z. 

If case (i) occurs, we can obtain the necessary condition in the same way. D 

We summarize Propositions 18. 2[ 18.31 and 18.41 

Proposition 8.5. Suppose that for DI^ (aj)o<j<5; there exists a rational solution of type 
B such that y has a pole at t = 00 and x, z, w are all holomorphic at t = 00 and x, y, z, w 
are all holomorphic at t = 0. Moreover, assume that 



Joo,0 



+ d^fi = -a4 + as 7^ 0, 60,0 + c?o,o = -a4 + as. 



The parameters then satisfy one of the following conditions: 

(1) — ao + ai G Z, — a4 — as G Z, (2) — ao + ai G Z, — ao — ai G Z, 

(3) — ao + ai G Z, — 2a3 — a4 — as G Z. 

We treat the case where 600,0 + c^oo.o = ^0,0 + c^o.o = 0. 

Proposition 8.6. Suppose that for D^ ('^j)o<i<5? there exists a rational solution of type 
B such that y has a pole at t = 00 and x,z,w are all holomorphic at t = 00. Moreover, 
assume that x, y, z, w are all holomorphic at t = and 

boofi + doofl = 0, 60,0 + dofl = 0. 
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The parameters then satisfy one of the following conditions: 

(1) — ao + ai G Z, —a^ — ai G Z, (2) — Oq + ai G Z, —04 + 0:5 G Z, 

(3) — ao + ai G Z, — ag — en — 2q;2 G Z. 

Proof. Since aoo,-i— ao,-i ^ ^) we find that —a^+ai G Z. If 60,0 7^ 0, we have — ag— «i G Z 
in the same way as Proposition 18.51 We then assume that 69,0 = d^^ = 0. Thus, it follows 

Q/t- 

from Proposition 11.161 and 12.31 that Coo = cq = • 

^4 + as 

If 04 7^ 0, ^4(0;, y, z, w) is a rational solution of D5 (ao, ai, 02, 0^3 + 0^45 —0^4, as) such 
that S4{y) has a pole at t = 00 and all S4(x, z, w) are holomorphic at t = 00. Furthermore, 
all of S4{x, y, z, w) are holomorphic at t = and for the constant terms of 54(0;, y, z, w), 

boofi + doofi = Vo + dofi = 0:4 + as = -(-^4) + «5- 

By Proposition 18.51 we obtain the proposition. 

If as 7^ 0, we use ss in the same way and can prove the proposition. D 

Let us summarize the above discussions and obtain the necessary condition for 
-D5 (q;j)o<j<5 to have a rational solution of type B such that the following holds: 

(1) y has a pole ai t = 00 and x, z, w are all holomorphic at t = 00 

(2) a;, y, z, w are all holomorphic at t = 0. 

Proposition 8.7. Suppose that for DI^ ('^i)o<j<5, there exists a rational solution of type 
B such that y has a pole at t = 00 and x,z,w are all holomorphic at t = 00. Moreover, 
assume that x, y, z, w are all holomorphic at t = 0. One of the following then occurs: 
(1) — ao + ai G Z, — a4 + as G Z, (2) — ao + ai G Z, — a4 — as G Z, 

(3) — ao + ai G Z, —oq — ai G Z, (4) — ao + ai G Z, — ao — ai — 2a2 G Z. 

8.1.2 The case where x has a pole at t = 

Proposition 8.8. Suppose that for DI^ {'^j)o<j<5, there exists a rational solution of type 

B such that y has a pole at t = 00 and x,z,w are all holomorphic at t = cxd. Moreover, 

assume that x has a pole at t = and y,z,w are all holomorphic at t = 0. One of the 

following then occurs: 

(1) — ao — ai G Z, — a4 + as G Z, (2) — ao — ai G Z, — a4 — as G Z, 

(3) — ao — ai G Z, — ao + ai G Z, (4) — ao — ai G Z, — ao — ai — 2a2 G Z. 

Proof. Since ReSi=oa; = — ao + ai, it follows that ai 7^ 0, or ao 7^ 0. 

If ai 7^ 0, si{x,y, z,w) is a rational solution of type B of D5 (ao,— ai,a2 + 
ai,a3,a4,as) such that Si{y) has a pole at t = 00 and all of si{x,z,w) are holomor- 
phic at t = 00. Moreover, all of si{x, y, z, w) are holomorphic at t = 0. From Proposition 
18.71 we then obtain the necessary conditions. 

If ai = and ao 7^ 0. we use Si7r4 in the same way and can prove the proposition. D 
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8.1.3 The case where z has a pole at t = 

Proposition 8.9. Suppose that for D^ i'^j)o<j<5i there exists a rational solution of type 

B such that y has a pole at t = oo and x,z,w are all holomorphic at t = oo. Moreover, 

assume that z has a pole at t = and x,y,w are all holomorphic at t = 0. One of the 

following then occurs: 

(1) — ao + «! G Z, —04 + as G Z, (2) — oq + cti G Z, — 2^3 — a^ — a^ E Z, 

(3) — tto + «! G Z, —ao — «! G Z, (4) — ao + ai G Z, —a^ — a^ E Z. 

Proof. Since aoo,-i — ao,~i ^ Z, we note that — ao + ai G Z. If as ^ 0, then S3(x, y, 2;, vS) 
is a rational solution of type B of D\ (cto, ai, ^2 + «3, — «3, «4 + «3, «5 + ^s) such that all 
of 33(0;, I/, z, w) are holomorphic at t = 0. Moreover, either of the following occurs: 

(1) sj,{y) has a pole at t = 00 and all of S3(x, z, w) are holomorphic at t = 00, 

(2) both of ssly, z) have a pole at t = 00 and both of 53(0;, w) are holomorphic at t = 00. 
If case (1) occurs, we can prove the proposition from Proposition 18.71 If case (2) 

occurs, the proposition follows from Proposition 11.311 and its corollaries. 

If 0^3 = 0, we can assume that 04 7^ or 0:5 7^ 0. When 03 = and 04 7^ 0, we use 

5354 in the same way and can prove the proposition. When q;3 = and a^ 7^ 0, we use 

5355 in the same way and can show the proposition. D 

8.1.4 The case in which x, z have a pole at t = 

Proposition 8.10. Suppose that for D\ (<^j)o<j<5) there exists a rational solution of type 
B such that y has a pole at t = 00 and x, z, w are all holomorphic at t = 00. Moreover, 
assume that x has a pole of order one at t = and z has a pole of order n {n > 2) at 
t = and y, w are both holomorphic att = 0. One of the following then occurs: 
(1) ao + «i G Z, — ^4 + as G Z, (2) 2a3 + a4 + as G Z, — a4 + as G Z, 

(3) ao + ai G Z, a4 + as G Z, (4) 2a3 + a4 + as G Z, a4 + as G Z. 

Proof. From Proposition I2.17[ it follows that one of the following occurs: 
(i) ao + ai = 0, (ii) 2a3 + a4 + as = 1, (iii) as = a4 = as = 0. 
Let us consider the following two cases: (a) &oo,o+'^oo,o = — tt4+tt55 (b) &oo,o+'^oo,o = 0. 
If case (a) occurs, we can obtain the necessary conditions, because 60,0 + c^o.o = 0. 
If case (b) occurs, we can assume that case (2) occurs in Proposition 11.161 and 

_ (a4 + as)(2a3 + a4 + as) _ as /I , _ (^4 + a5)(2a3 + a4 + as) 

Ooo.O — Z ', — I ' '^oofi — Z ', — ~ I o' '^00,0 



— a4 + as a4 + as 2 — a4 + as 

which implies that a4 7^ or as 7^ 0. If a4 7^ 0, s^{x.,y,z.,vj) is a rational solution of 
type B of D\ (ao, ai, a^, as + a4, — a4, as) such that s^{y) has a pole at t = 00 and all of 
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S4:{x, z, w) are holomorphic at t = oo. Moreover, assume that both of s^lx, z) have a pole 
at t = and both of Si{y, w) are holomorphic at t = and 

boo,o + doofl = -(-04) + as, bofl + cio,o = 0. 

Thus, it follows that ao + ai G Z, a4 + a^ E Z, or 2a3 + 04 + 05 G Z, 04 + 0^5 G Z. 
If as 7^ 0, we use S5 in the same way and can obtain the necessary conditions. D 

Proposition 8.11. Suppose that for D^ {oij)o<j<5, there exists a rational solution of type 
B such that y has a pole at t = 00 and x,z,w are all holomorphic at t = cxo. Moreover, 
assume that x, z both have a pole of order one at t = and y, w are both holomorphic at 
t = and 60,1 = ai/(ao ~ Q^i)- Either of the following then occurs: 
(1) ao + ai E Z, —04 + as G Z, (2) ao + ai G Z, 0:4 + as G Z. 

Proof. Since ReSi=oa; = — ao + ai, it follows that ai 7^ or ao 7^ 0. If ai 7^ 0, then 
si(x, y, z, w) is a rational solution of type B of Di^ (ao, — ai, a2 + ai, as, a4, as) such that 
si{y) has a pole at t = 00 and all Of si{x,z,w) are holomorphic at t = 00. Moreover, 
Si{z) has a pole at t = and all of Si{x, y, w) are holomorphic at t = 0. From the residue 
theorem, it then follows that 

-ao + (-ai) = -Rest=ooSi{x) G Z. 

If ai = and ao 7^ 0. we use Si7r4 in the same way and can prove that ao+ai G Z. Now, let 
us consider the following two cases: (i) 600,0 + "^oo.o = ~«4 + 0^5, (h) &oo,o + doo,o = 0. 

If case (i) occurs, we find that — a4 + as G Z, because 60,0 + 0^0,0 = 0. 

Let us treat the case (ii). For this purpose, we can assume that a4 7^ or as 7^ 
and that case (2) occurs in Proposition II. 161 If a4 7^ 0, then S4{x,y,z,w) is a rational 
solution of type B of D^ (ao, ai, a2, as + a4, — a4, as) such that s^{y) has a pole at t = 00 
and all of S4^{x,z,w) are holomorphic at t = 00. Moreover, both of Si{x,z) have a pole 
at t = and both of S4^{y,w) are holomorphic at t = and the constant terms of the 
Laurent series of 54(1/, w), at t = 00, satisfy 

boofi + doofi = 04 + "5, ^0,0 + dofl = 0. 

Thus, it follows that a4 + as G Z. 

If as 7^ 0, we use S5 in the same way and can obtain the necessary conditions. D 

Proposition 8.12. Suppose that for D^ {oij)o<j<5, there exists a rational solution of type 
B such that y has a pole at t = 00 and x, z, w are all holomorphic at t = 00. Moreover, 
assume that x, z both have a pole of order one at t = and y, w are both holomorphic at 
t = and Coo,o = 1/2 and 60,1 = ^1/2- One of the following then occurs: 
(1) — a4 + as G Z, — ao + ai G Z, (2) — a4 + as G Z, ao + ai G Z, 
(3) — a4 + as G Z, a4 + as G Z, (4) — a4 + as G Z, 2a3 + a4 + as G Z. 
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Proof. n2{x, y, z, w) is a rational solution of type B of D5 («5, 04, 03, 02, Q^i, ^o) such that 
7r2(y) has a pole at t = 00 and all of 'it2{x, z, w) are holomorphic at t = 00. Moreover, all 
of 7i2{x, y, z, w) are holomorphic at t = 0. Thus, the proposition follows from Proposition 
O D 

Proposition 8.13. Suppose that for D^ i'^j)o<j<5^ there exists a rational solution of type 

B such that y has a pole at t = 00 and x,z,w are all holomorphic at t = 00. Moreover, 

assume that x, z both have a pole of order one at t = and y, w are both holomorphic at 

t = and Coo,o 7^ 1/2, ^0,1 = ~l/2- One of the following then occurs: 

(1) — ^4 + as G Z, —ao + ai E Z, (2) —a^ + a^ E Z, a^ + ai E Z, 

(3) — 0^4 + as G Z, 2a3 + a4 + as G Z, (4) — a4 + as G Z, a4 + as G Z, 

(5) a4 + as G Z, — ao + ai G Z, (6) a4 + as G Z, ao + ai G Z, 

(7) a4 + as G Z, 2a3 + a4 + as G Z. 

Proof. For the proof, we can assume that case (1) or (2) occurs in Proposition II .IGj which 
implies that a4 7^ or as 7^ 0. If case (3) occurs in Proposition 11.161 then a4 = as = 0, 
which implies that the parameters satisfy one of the conditions in the proposition. 

If case (1) occurs in Proposition II. 16^ it follows that 600,0 + doo,o = —ca + 05 and 
^0,0 + dofl = 0, which implies that — a4 + as G Z. We may then assume that a4 7^ and 
as 7^ 0. ' 

When a3 7^ 0, s-i{x,y, z,w) is a rational solution of type B of -D5 (ao,ai,a2 + 
«3,— «3,«4 + a3,«5 + «3) such that ssi^y) has a pole at t = 00 and all of S3{x,z,w) 
are holomorphic at t = 00. Moreover, both of ^3(0;, z) have a pole at t = and both of 
S3{y,w) are holomorphic at t = and for S3{x,y,z,w), Coo,o = 1/2- From Proposition 
18.121 we can then obtain the necessary conditions. When as = 0, we use ssS4 in the same 
way and can obtain the necessary conditions. 

If case (2) occurs in Proposition I1.16[ we can assume that a4 7^ or as 7^ 0. When 
a4 7^ 0, S4(x, y, z,w) is a rational solution of type B of D^ (ao, ai, a2, a^ + a^, —a^, as) 
such that 54(1/) has a pole at t = 00 and all of S4{x,z,w) are holomorphic at t = 00. 
Moreover, both of s^i^x, z) have a pole at t = and both of ^4(1/, w) have a pole at t = 
and for 54(0;, y, 2, w), case (1) occurs in Proposition ll.161 Then, from the above discussion, 
we obtain the necessary conditions. When as 7^ 0, we use ss in the same way and can 
obtain the necessary conditions. D 

8.1.5 The case where y,w have a pole at t = 

Proposition 8.14. Suppose that for Di^ ('^i)o<j<5; there exists a rational solution of type 
B such that y has a pole at t = 00 and x, z, w are holomorphic at t = 00. Moreover, y, w 
both have a pole of order n {n > 1) at t = and x, z are both holomorphic at t = 0. One 
of the following then occurs: 
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(1) — ao + ai G Z, oq + en + 2^2 = 1, (2) — ao + ai G Z, 0:4 + as = 0, 
(3) — ao + en G Z, —0:4 + as = 0, (4) ao = ai = a2 = 0. 

Proof. Since aoo,-i — cto,-i G Z, we first note — ao + ai G Z. Therefore, tfie proposition 
follows from Proposition I2.21[ D 

8.1.6 Summary 

Proposition 8.15. Suppose that for D^ (aj)o<j<5, there exists a rational solution of type 
B such that y has a pole at t = 00 and x, z, w are all holomorphic at t = 00. One of the 
following then occurs: 

(1) — ao + ai G Z, — a4 + as G Z, (2) — ao + ai G Z, — a4 — as G Z, 

(3) — ao + ai G Z, — ao — ai G Z, (4) — ao — ai G Z, — a4 + as G Z, 

(5) — ao — ai G Z, — a4 — as G Z, (6) — a4 — as G Z, — a4 + as G Z, 

(7) — ao + ai G Z, — 2a3 — a4 — as G Z, (8) — ao — ai G Z, — 2a3 — a4 — as G Z, 

(9) — ao — ai — 2a2 G Z, — a4 + as G Z, (10) — ao — ai — 2a2 G Z, — a4 — as G Z. 

8.2 The case where w has a pole at t = 00 

Proposition 8.16. Suppose that for D^ ('^i)o<i<5) there exists a rational solution of type 
B such that w has a pole at t = 00 and x, y, z are all holomorphic at t = 00. One of the 
following then occurs: 

(1) — ao + ai G Z, — a4 + as G Z, (2) — ao + ai G Z, — a4 — as G Z, 

(3) — ao + ai G Z, — ao — ai G Z, (4) — ao — ai G Z, — a4 + as G Z, 

(5) — ao — ai G Z, — a4 — as G Z, (6) — a4 — as G Z, — a4 + as G Z, 

(7) — ao + ai G Z, — 2a3 — a4 — as G Z, (8) — ao — ai G Z, — 2a3 — a4 — as G Z, 

(9) — ao — ai — 2a2 G Z, — a4 + as G Z, (10) — ao — ai — 2a2 G Z, — a4 — as G Z. 

Proof. From Proposition 11.261 it follows that TT2{x,y,z,w) is a rational solution of type 
B of D5 (as, a4, a3, a2, ai, ao) such that vr2(|/) has a pole at t = 00 and all of 7r2(x, z, w) 
are holomorphic at t = cxd. Therefore, by considering Proposition I8.15[ we can prove the 
proposition. D 

8.3 The case in which y, z have a pole at t = 00 

Proposition 8.17. Suppose that for D\ (aj)o<i<5; there exists a rational solution of type 
B such that y, z both have a pole at t = 00 and x, w are both holomorphic att = 00. Then, 
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—a4 + 0:5 = or —04 — as = 0. Furthermore, one of the following occurs: 

(1) — ao + ai e Z, —a^ + a^ e Z, (2) — ao + ai G Z, —04 — 05 G Z, 

(3) — ao + ai e Z, —ao — ai G Z, (4) — ao ^ ^i G Z, —a^ + 0^5 G Z, 

(5) — ao — tti G Z, — ^4 — as G Z, (6) — a4 — as G Z, — a4 + as G Z, 

(7) — ao + ai G Z, — 2a3 — a4 — as G Z, (8) — ao — ai G Z, — 2a3 — a4 — as G Z, 

(9) — ao — ai — 2a2 G Z, — a4 + as G Z, (10) — ao — ai — 2a2 G Z, — a4 — as G Z. 

Proof. If a3 7^ 0, it then follows that S3{x,y, z,w) is a rational solution of type B of 
D^ (ao, ai, a2 + as, —as, a4 + as, as + as) such that s^{y) has a pole at t = cxd and all of 
s^{x, z, w) are holomorphic at t = 00. By considering Proposition 18. 15[ we can obtain the 
necessary conditions. 

If as = 0, we can assume that a4 7^ or as 7^ 0. When as = and a4 7^ 0, by S4 and 
the above discussion, we can obtain the necessary conditions. When as = and as 7^ 0, 
by Ss and the above discussion, we can find the necessary conditions. D 

8.4 The case where y, w have a pole at i = 00 

8.4.1 The case where y,w have a pole of order one at t = 00 

Proposition 8.18. Suppose that for D^ i'^j)o<j<5, there exists a rational solution of type 
B such that y, w both have a pole of order one at t = 00 and x, z are both holomorphic at 
t = 00. One of the following then occurs. 



(1) 


- ao + ai G Z, -a4 + as G Z, (2) 


— ao + ai G Z, — a4 — as G Z, 


(3) 


- ao + ai G Z, -ao - ai G Z, (4) 


- ao - ai G Z, -a4 + as G Z, 


(5) 


- ao - ai G Z, -a4 - as G Z, (6) 


- a4 - as G Z, -a4 + as G Z, 


(7) 


— ao + ai G Z, — 2as — a4 — as G Z, (8) 


— ao — ai G Z, — 2as — a4 — as G Z, 


(9) 


— ao — ai — 2a2 G Z, — a4 + as G Z, (10) 


— ao — ai — 2a2 G Z, — a4 — as G Z. 



Proof. Tr2{x, y, z,w) is a rational solution of D5 (as,a4,a3,a2,ai,ao) such that 'ir2(y) 
has a pole at t = 00 and all of pi2{x,z,w) are holomorphic at t = 00. Therefore, the 
proposition follows from Proposition 18.151 D 

8.4.2 The case where y,w have a pole of order n {n > 2) at t = 00 

Proposition 8.19. Suppose that for D^ i'^j)o<j<5, there exists a rational solution of 
type B such that y, w both have a pole of order n {n > 2) at t = 00 and x, z are both 

82 



holomorphic at t = oo. One of the following then 


occurs: 


(1) - ao + ai e Z, -0:4 + as G Z, 


(2) 


— ao + ai G Z, — a4 — as G Z, 


(3) - ao + ai e Z, -ao - ai G Z, 


(4) 


- ao - ai G Z, -a4 + as G Z, 


(5) - ao - ai e Z, -0:4 - 05 G Z, 


(6) 


- a4 - as G Z, -a4 + as G Z, 


(7) — ao + ai e Z, —2a->, — a^ — a^ E Z, 


(8) 


— ao — ai G Z, — 2a3 — a4 — as G Z 


(9) - ao - ai- 2^2 e Z, -0:4 + as G Z, 


(10) 


— ao — ai — 2a2 G Z, — a4 — as G Z 



Proof. If a2 7^ 0, it follows that S2(x, y, z, w) is a rational solution of Dl^ '{ao + a2, ai + 
a2 — a2, as + a2, a4, as) such that one of the following occurs: 

(1) S2{y) has a pole ai t = 00 and all of S2{x, z, w) are holomorphic at t = 00, 

(2) S2(w) has a pole at t = 00 and all of S2{x, y, z) are holomorphic at t = 00, 

(3) both of 52(2/, w) have a pole at t = 00 and both of S2{x, z) are holomorphic at t = 00. 
The proposition then follows from Propositions 18.15^ 18.161 and 18.181 

If a2 = 0, we may assume that ao 7^ or ai 7^ 0. When a2 = and ao 7^ 0, by Sq, we 
can obtain the necessary conditions. When a2 = and ai 7^ 0, by si, we can obtain the 
necessary conditions. D 

9 Summary and reduction of the necessary condi- 
tions 



9.1 Summary of the necessary conditions for type A 

Theorem 9.1. Suppose that D}^ ('^j)o<i<5 has a rational solution of type A. One of the 
following then occurs: 



(1) 


ao gZ 


aa G Z 


as G Z, as G Z, 


(2) 


ao gZ 


(3) 


ao gZ 


a2 G Z 


as + a4 G Z, as G Z, 


(4) 


ao gZ 


(5) 


ai gZ 


a2 GZ 


as G Z, as G Z, 


(6) 


ai gZ 


(7) 


ai gZ 


aaGZ 


as + a4 G Z, as G Z, 


(8) 


ai gZ 


(9) 


ao gZ 


aa G Z 


as G Z, a4 G Z, 


(10) 


ao gZ 


(11) 


ao gZ 


aa GZ 


as + as G Z, a4 G Z, 


(12) 


ao gZ 


(13) 


ai gZ 


aaGZ 


as G Z, a4 G Z, 


(14) 


ai gZ 


(15) 


ai gZ 


aa G Z 


as + as G Z, a4 G Z, 


(16) 


ai gZ 



aa + ai G Z 
a2 + ai G Z 
a2 + ao G Z 
aa + ao G Z 
aa + ai G Z 
aa + ai G Z 
aa + ao G Z 
aa + ao G Z 



as G Z, as G Z, 

as + a4 G Z, as G Z, 

as G Z, as G Z, 

a4 + as G Z, as G Z, 

as G Z, a4 G Z, 

as + as G Z, a4 G Z, 

as G Z, a4 G Z, 

as + as G Z, a4 G Z. 



Therefore, by some Bdcklund transformations, the parameters are transformed so that 

ai G Z, a2 E Z, as G Z, as G Z. 
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9.2 Summary of the necessary conditions for type B 

Theorem 9.2. Suppose that for D^ (o^i)o<i<5; there exists a rational solution of type B. 
The parameters then satisfy one of the following conditions: 

(1) — Uq -\- ai E 2,, — ^4 + as G Z, (2) — Oq + "i ^ ^; — «4 — 05 G Z, 

(3) — ao + «i £ Z, — «o — «i G Z, (4) — ao — «i ^ Z, —0:4 + 05 G Z, 

(5) — ao ~ en £ ^! ~<^4 — tt5 G Z, (6) — «4 — ^5 G Z, —0:4 + 05 G Z, 

(7) — ao + cti G Z, — 20:3 — 0:4 — as G Z, (8) — ao — ai G Z, — 20:3 — 0:4 — 0:5 G Z, 

(9) — a^ — ai — 2^2 G Z, —0:4 + 05 G Z, (10) — a^ — ai — 2«2 £ Z, —04 — 05 G Z. 

Therefore, by some Bdcklund transformations, the parameters are transformed so that 

—ao + tti G Z, —04 + as G Z. 

9.3 Shift operators 

Following Sasano [32j, we introduce the shift operators. 
Proposition 9.3. Let Tj (1 < z < 6) be defined by 



Ti 


:= 7riS5S3S2SiSoS2S3S5, 


T2: 


:= 7r2Ti7r2, 


T3: 


:= S1S4T1S4S1 


T, 


:= S2S3T3S3S2, 


T5: 


:= S1T4S1, 


Te: 


:= S3T3S3. 



Ti(ao, ai, ^2, 03, "4, as) = ("o, "i, "2, "3, ^4, ^5) + (0, 0, 0, 0, 1,-1), 
^2(^0, "1, "2, ^3, "4, as) = (ao, ai, 02, a3, ^4, as) + (-1, 1, 0, 0, 0, 0), 
Tsiao, ai, 0^2, a3, 04, as) = (ao, 0^1, 0^2, a^, 04, as) + (0, 0, 0, 1, -1, -1), 
r4(ao, ai, a2, a3, 04, as) = (ao, ai, 0^2, a3, 04, as) + (1, 1, -1, 0, 0, 0), 
Ts(ao, ai, 0^2, a3, 04, as) = (ao, ai, 0^2, as, a^, as) + (0, 0, 1, -1, 0, 0). 

9.4 Reduction of the parameters for type A 

Theorem 9.4. Suppose that D\^ (aj)o<j<5 has a rational solution of type A. By some 
Bdcklund transformations, the parameters can then be transformed so that 

ai = a2 = a3 = as = 0. 
84 



9.5 Reduction of the parameters for type B 

Theorem 9.5. Suppose that D^ (aj)o<i<5 has a rational solution of type B. By some 
Bdcklund transformations, the parameters can then he transformed so that one of the 
following occurs: 

I : — tto + tti = 0, — 0^4 + as = 0, II : — ao + ai = 0, — a4 + as = 1. 

We call cases I and II the standard forms I and II. Moreover, the parameters are trans- 
formed to the standard form I if one of the following occurs: 



(1) 


- ao + ai G Z 






- a4 + as G Z, 




- ao + ai = -a4 + as 




mod 2, 


(2) 


- ao + ai G Z 






— a4 — as G Z, 




- ao + ai = -a4 - as 




mod 2, 


(3) 


- ao + ai G Z 






- ao - ai G Z, 




- ao + ai ^ -ao - ai 




mod 2, 


(4) 


— ao — ai G Z 






- a4 + as G Z, 




- ao - ai = -a4 + as 




mod 2, 


(5) 


— ao — ai G Z 






- a4 - as G Z, 




- ao - ai = -a4 - as 




mod 2, 


(6) 


- a4 - as G Z 






- a4 + as G Z, 




- a4 - as ^ -a4 + as 




mod 2, 


(7) 


- ao + ai G Z 






— 2a3 — a4 — as 


GZ, 


- ao + ai = -2a3 - a4 - 


-as 


mod 2, 


(8) 


— ao — ai G Z 






- 2a3 - a4 - as 


gz, 


- ao + ai = -2a3 - a4 - 


-as 


mod 2, 


(9) 


- ao - ai - 2a2 


GZ, 


- a4 + as G Z, 




- ao - ai - 2a2 = -a4 + as 


mod 2, 


(10) 


— ao — ai — 2c 


1^2 


gz, 


— a4 — as G Z, 




— ao — ai — 2a2 = — a4 - 


-as 


mod 2. 



Otherwise, the parameters are transformed to the standard form II. 

10 Rational solutions of type A of Dg (ao, 0, 0, 0, a4, 0) 

0. For this purpose, we 



a2 = as 



as 



In this section, we treat the case where ai 
have the following lemmas: 

Lemma 10.1. Suppose that for Di^ \^j)o<j<^^ there exists a rational solution. Moreover, 
assume that h^ofi — /io,o = 0. a^o-i — cto,-i(= —^Q?>t=ooX — B.est=Qx) is then a non-positive 
integer. 

Proof. From the residue theorem, we may assume that x has a pole at t = c G C*. Since 
^00,0 ~ ^0,0 = 0, it follows from Proposition 14.221 that H is holomorphic in C*. Therefore, 
it follows from the discussion in Section 4 that one of the following can only occur: 

(1) X has a pole at t = c and y, z, w are all holomorphic t = c and 6c,o = 0, 

(2) X, z both have a pole at t = c and y, z are both holomorphic at t = c and {bcfi, (ic,o) = 
(0,0), 
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(3) X, z both have a pole at t = c and y, z are both holomorphic at t = c and {bc^-, dc,o) = 
{-c,c), (ac_i,Cc_i) = (-1,-1), 

(4) X, w both have a pole at t = c and y, z are both holomorphic at t = c and (&c,0; d^fi) = 
(0,0), (0,1). 

Prom the discussions in Section 3, we see that when case (1), (2), (3) or (4) occurs, 
Rest=cX = — 1, which proves the lemma. D 

Lemma 10.2. Suppose that for DI^ i'^j)o<j<5, there exists a rational solution. Moreover, 
assume that /ioo,o ~ ^o,o = and ctoo,-! — «o,-i(= — Rest=ooa^ — Rest=o2^) = 0. Then, x is 
given by 

Proof. Considering the partial fractional expansion of x, we have only to prove that x 
is holomorphic in C*. For this purpose, suppose that x has a pole at t = c G C*. From 
the proof of Lemma 110.11 it follows that aoo,-i — ao,-i is a negative integer, which is 
impossible. D 

10.1 The case where x, y, z, w are all holomorphic at t = oo 

10.1.1 The case where (aoo,0; Coo,o) = (0,0) 

Proposition 10.3. Suppose that for Dl^(aQ, 0,0,0, a4,0), there exists a rational solu- 
tion of type A such that x,y,z,w are all holomorphic at t = oo. Moreover, assume that 
(«oo,o, Coo,o) = (0, 0). Then, x = y = z = w = 0. 

Proof. The proposition follows from the direct calculation and Proposition 11.21 D 

10.1.2 The case where (aoo,o, Coo,o) = (1)0) 

Proposition 10.4. Suppose that for Dl^(aQ, 0,0,0, a4,0), there exists a rational solu- 
tion of type A such that x,y,z,w are all holomorphic at t = oo. Moreover, assume that 
(aoo,o, Coo,o) = (1,0). Then, 00,0:4 G Z- 

Proof. We first note that y = w = and aoo,-i = a^- From the discussion in Section 4, 
we have hoo,o — ^0,0 = 0. 

If X is holomorphic at t = 0, it follows from the residue theorem that oq G Z, 04 G Z. 
If X has a pole at t = 0, we obtain 

floo.-l — ^0,-1 = 0:4 — ( — ttO + Oil) = Oo + 04 = 1, 

which contradicts Lemma [10.11 D 
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10.1.3 The case where (aoo,o, Coo,o) = (0,1) 

Proposition 10.5. Suppose that for Dl^(aQ, 0,0, 0,0^,0), there exists a rational solu- 
tion of type A such that x,y,z,w are all holomorphic at t = oo. Moreover, assume that 
(floo.o, Coo.o) = (0, 1). Then, oq G Z, 04 G Z. 

Proof. By Proposition II. H we first note tliat y = w = and aoo,-i = 0, Coo-i = a^. We 
may next assume that ao 7^ and x is holomorphic at t = 0. If a; has a pole at t = 0, it 
follows from the residue theorem and Proposition 11.11 that 

Coo -1 - flo -1 = - (-ao + Oil) = ao eZ. 

From the discussions in Section 4, we have hoo,o — ^0,0 = 0, which implies that x = 
from Lemma [10.21 Since x = y = w = 0, it follows from Proposition 12.101 that either of 
the following occurs: 

(1) z is holomorphic at t = 0, 

(2) z has a pole of order one at t = and Co,_i = Rest=o^ = —cto- 

From the discussions in Section 3, it follows that either of the following occurs: 

(1) z is holomorphic at t = c G C*, 

(2) z has a pole of order one at t = c G C* and Rest=cZ = — 1. 

If z is holomorphic at t = 0, by the residue theorem, we have 04 G Z. If 2; has a pole 
at t = 0, by the residue theorem, we find that 

Coo -1 - Co -1 = 04- (-ao) = 1, 
which is impossible. D 

10.1.4 The case where (aoo.o, Coo,o) = (1,1) 

Proposition 10.6. Suppose that for Dl(ao, 0,0,0, a4,,0), there exists a rational solu- 
tion of type A such that x,y,z,w are all holomorphic at t = 00. Moreover, assume that 
(floo.o, Coo.o) = (1, !)• Then, ao G Z, ^4 G Z. 



Proof. By Proposition II. H we first note that y = w = and aoo,~i = a4- From the 
discussions in Section 4, we have /loo.o — ^0,0 = 0, which implies that aoo,-i — clq-i is a 
non-positive integer from Lemma 110.11 

If X is holomorphic at t = 0, we have ao G Z, 0^4 G Z. If x has a pole at t = 0, by the 
residue theorem, we obtain 



'■) 



Ccx, -1 — ao -1 = a4 — (— ao + ai) = 1, 
which contradicts Lemma [10.11 D 



10.2 The case where y has a pole at t = oo 

10.2.1 The case where (aoo,o, Coo,o) = (0,0) 

Proposition 10.7. Suppose that for D\^ (tto, 0, 0, 0, a4, 0), there exists a rational solution 
of type A such that y has a pole at t = oo and x,z,w are all holomorphic at t = oo. 
Moreover, assume that (aoo.o, Coo,o) = (0,0). Then, oq G Z,, 04 e Z. 

Proof. By Proposition II. 7[ we first note that w = and aoo,-i = 0, 600,0 = «o, doo,o = as- 
If X has a pole at t = 0, considering aoo,-i — 00,-1 G Z, we have ao G Z. If 60,0 + do^o = 0, 
considering (600,0 + (^00,0) ~ (^0,0 + '^0,0) G Z, we obtain uq G Z. 

From the discussions in Section 2, we may assume that x,y,z,w are all holomorphic 
at t = and 60,0 + '^0,0 = — a4 + «5 7^ 0, which implies that 69,0 = — «4 + «5 because w = 0. 
From the discussions in Section 4, it then follows that /ioo,o — ho,o = 0, which implies that 
X = from Lemma 110.21 Therefore, y is holomorphic at t = c G C* or has a pole of order 
one at t = c with Rest=c2/ = ~c. Thus, it follows that y is given by 

n 

y = -t + 600,0 + J2 7-^' Cfc G C*, n G N, 

A:=l '' 

which implies that 600,0 — 60,0 is a non-positive integer. On the other hand, by direct 
calculation, we have 

boofi - bo,o = tto - (-"4 + "5) = ao + "4 = 1, 
which is impossible. D 

10.2.2 The case where (aoo,o, Coo,o) = (0,1) 

Proposition 10.8. Suppose that for D\^ (ao, 0, 0, 0, 04, 0), there exists a rational solution 
of type A such that y has a pole at t = 00 and x,z,w are all holomorphic at t = 00. 
Moreover, assume that (aoo,o, Coo,o) = (0, 1). Then, ao G Z, 04 G Z. 

Proof. It can be proved in the same way as Proposition 110.71 D 

10.2.3 The case where (aoo,o, Coo,o) = (1,0) 

Proposition 10.9. Suppose that for D\^ (ao, 0, 0, 0, 0:4, 0), there exists a rational solution 
of type A such that y has a pole at t = 00 and x,z,w are all holomorphic at t = 00. 
Moreover, assume that (aoo,o, Coo,o) = (1,0). Then, ao G Z, ^4 G Z. 

Proof. The proposition follows from Proposition 17.141 D 



10.2.4 The case where (aoo.o, Coo,o) = (1? 1) 

Proposition 10.10. Suppose that for Di^ (ao? 0, 0, 0, 04, 0), there exists a rational solu- 
tion of type A such that y has a pole at t = 00 and x, z, w are all holomorphic att = 00. 
Moreover, assume that (aoo,o, Coo,o) = (1, !)• Then, «o € Z, 04 G Z. 

Proof. The proposition follows from Proposition 17.161 D 

10.3 The case where w has a pole at t = 00 

10.3.1 The case where (floo.o, Coo,o) = (0,0) 

Proposition 10.11. Suppose that for Dl^(ao, 0,0,0, 04,0), there exists a rational solu- 
tion of type A such that w has a pole at t = 00 and x, y, z are all holomorphic att = cxd. 
Moreover, assume that (aoo,o, Coo,o) = (0,0). Then, ao G Z, ^4 G Z. 

Proof. By Proposition ll.23[ we first note that a^o-i = Coo,-i = 0, d^Q = a^ and y = 0. 
Moreover, we may assume that ao 7^ 0, 04 7^ 0. 

If X has a pole at t = 0, considering aoo,-i — ao,-i ^ ^, we have ao G Z. If 60,0 + '^0,0 = 0, 
considering (600,0 + c^oo.o) — (&o,o + do,o) ^ Z, we obtain ao G Z. Therefore, from the 
discussions in Section 2, we may assume that x, y, z, w are all holomorphic at t = and 
^0,0 + dofi = —a^ + as 7^ 0, which implies that c/0,0 = — «4 + «5- 

From the discussions in Section 4, we obtain /ioo,o ~ ^0,0 = 0, which implies that x = 
from Lemma 110.21 From Proposition 13.41 it follows that if z has a pole at t = c G C*, 
z has a pole of order one at t = c and Rest=cZ = — 1, which implies that z = because 

Coo,-1 = 0. 

Since x = y = z = 0,it follows from the discussion in Section 3 that w has a pole of 
order at most one at t = c G C* and R.est=cW = —c. We then find that 

n 

-Ck 



-t + rfoo.o + y : — - Ck eC*, ne N, 

t — Ck 

k=l '^ 



which shows that d^^ — (io,o is a non-positive integer. On the other hand, by direct 
calculation, we have 

doo,Q - do^o = "0 - (-"4 + "5) = ao + a4 = 1, 
which is impossible. D 
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10.3.2 The case where (aoo,o, Coo,o) = (0, 1) 

Proposition 10.12. Suppose that for Di^ ^(ag, 0, 0, 0, 04, 0), there exists a rational solu- 
tion of type A such that w has a pole at t = 00 and x, y, z are all holomorphic at t = 00. 
Moreover, assume that (aoo,o, Coo,o) = (0, 1). Then, «o G Z, ^4 G Z. 

Proof. The proposition follows from Proposition 17.191 D 

10.3.3 The case where (ctoo.o, Coo,o) = (1)0) 

Proposition 10.13. Suppose that for Dl^{ao, 0,0, 0,0^,0), there exists a rational solu- 
tion of type A such that w has a pole at t = 00 and x, y, z are all holomorphic at t = cxd. 
Moreover, assume that (aoo.o, Coo,o) = (1)0). Then, ao G Z, 04 G Z. 

Proof. By Proposition ll.23[ we first note that aoo,-i = a^, Coo-i = 0, doo,Q = ao and 
y = 0. Moreover, we may assume that ao 7^ 0, 04 7^ 0. 

If X is holomorphic at t = 0, considering aoo,-i — ao,-i G Z, we have a^ G Z. If 
^0,0 + do,o = 0, considering (600,0 + c^oo.o) — (^0,0 + c^o.o) G Z, we obtain oq G Z. Therefore, 
from the discussions in Section 2, we may assume that x has a pole at t = and t/o.o = 
—a^ + as 7^ 0. 

From the discussions in Section 4, we have /ioo,o ^ ^0,0 = 0. On the other hand, by 
direct calculation, we have 

Ooo -1 — flo -1 = «4 — (— "o + tti) = ao + "4 = 1) 
which contradicts Lemma [10.11 D 

10.3.4 The case where (aoo,0) Coo,o) = (1)1) 

Proposition 10.14. Suppose that for Dl^(aQ, 0,0,0, a4,0), there exists a rational solu- 
tion of type A such that w has a pole at t = 00 and x, y, z are all holomorphic at t = 00. 
Moreover, assume that (aoo,0) Coo,o) = (1) 1)- Then, ao G Z, a4 G Z. 

Proof. The proposition follows from Proposition 17.201 D 

10.4 The case where y, w have a pole at t = 00 

10.4.1 The case where (floo.O) Coo,o) = (0)0) 

Proposition 10.15. Suppose that for Dl^(ao, 0,0,0, 04,0), there exists a rational solu- 
tion of type A such that y, w both have a pole at t = 00 and x, z are both holomorphic at 
t = 00. Moreover, assume that (aoo,0) Coo.o) = (0)0). Then, ao G Z, a4 G Z. 
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Proof. By Proposition ll.38[ we first note that aoo-i = Coo,-i = and 600,0 = Q^o, c^oo.o = 
-tto- 

If X has a pole at t = 0, considering aoo,-i — ao,-i ^ ^! we have ao G Z. If 60,0 + c^o,o = 
—04 + as, considering (600,0 + '^00,0) ~ (^0,0 + '^0,0) ^ ^) "we obtain a^ G Z. Therefore, from 
the discussions in Section 2, we have only to consider the following two cases: 

(1) X, y, z, w are all holomorphic at t = and 60,0 + '^0,0 = 0, 

(2) z has a pole of order one at t = and x, y, w are all holomorphic at t = 0. 

Thus, from the discussions in Section 4, it follows that /ioo,o ~ ^0,0 = 0, which implies that 
X = from Lemma 110.21 

Since x = 0, it follows from the discussions in Section 3 that y is holomorphic at 
t = c E C* or y has a pole order one at t = c with Rest=cy = —c. We then find that 

n 

y = ~t + 600,0 + y] f^ ck eC\ ne N, 
k=i '^ 

which implies that 600,0 ~ ^0,0 is a non-positive integer. 

If case (1) occurs and 60,0 = 0, we have 600,0 ~ ^0,0 = ao G Z. If case (1) occurs and 
60,0 7^ 0, from Proposition 12. 4[ we see that 60,0 = — «4, because x = 0. We then obtain 

&oo,o - Vo = "0 - {-aij = ao + "4 = 1, 

which is impossible. 

If case (2) occurs, considering 600,0 ~ ^0,0 G Z, we have ao G Z. D 

10.4.2 The case where (000,0, Coo,o) = (0, 1) 

Proposition 10.16. Suppose that for Di^{ao, 0,0,0,0^,0), there exists a rational solu- 
tion of type A such that y, w both have a pole at t = 00 and x, z are both holomorphic at 
t = 00. Moreover, assume that (000,0, Coo,o) = (0, 1). Then, ao G Z, 0:4 G Z. 

Proof. The proposition follows from Proposition 17.231 D 

10.4.3 The case where (000,0, Coo,o) = (1, 0) 

Proposition 10.17. Suppose that for Dl{ao, 0,0,0, a4,0), there exists a rational solu- 
tion of type A such that y, w both have a pole at t = 00 and x, z are both holomorphic at 
t = 00. Moreover, assume that (000,0, Coo,o) = (1,0). Then, ao G Z, 0:4 G Z. 

Proof. The proposition follows from Proposition 17.221 D 
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10.4.4 The case where (aoo.o, Coo,o) = (1? 1) 

Proposition 10.18. Suppose t/iat /or Dg (ao, 0, 0, 0, 04, 0), there exists a rational solu- 
tion of type A such that y, w both have a pole at t = 00 and x, z are both holomorphic at 
t = 00. Moreover, assume that (aoo,o, Coo,o) = (1, !)• Then, ao G Z, 04 G Z. 

Proof. By Proposition [OH we first note that a^o-i = Coo-i = 04 and 600,0 = ~Q^0) doofl = 
Qjo- Moreover, we may assume that ao 7^ 0, 04 7^ 0. 

If X is holomorphic at t = 0, considering a^o,-! — ao,-i ^ Z, we have ao ^ Z. If 

60.0 + dofi = -^4 + as, considering (600,0 + c?oo,o) - (60,0 + c?o,o) e Z, we obtain a4 G Z. 
Therefore, we have only to consider the following cases: 

(1) X has a pole at t = and y, z, w are all holomorphic at t = 0, 

(2) X, z both have a pole at t = and y, w are both holomorphic at t = 0. 

From the discussions in Section 4, it follows that /ioo,o ~ ^0,0 = 0. On the other hand, 
by direct calculation, we have 

0-00,-1 ~ cio,-i = a4 — (— ao + ai) = ao + a4 = 1, 
which contradicts Lemma [10.11 D 

10.5 Summary 

Proposition 10.19. Suppose i/iai /or Dg (ao, 0,0,0, a4,0), there exists a rational solu- 
tion of type A. Then, a^ G Z, a4 G Z. 

Corollary 10.20. Suppose that for D^ (ao, 0, 0, 0, a4, 0), there exists a rational solution 
of type A. By some Bdcklund transformations, the parameters can then be transformed so 
that 

(ao, ai, a2, as, a4, as) = (0, 0, 0, 0, 1, 0). 

11 Rational solutions of type A of d''^\o, 0, 0, 0, 1, 0) 

11.1 The case where x,y, z,w are all holomorphic at t = oo 

11.1.1 The case where (000,0, Coo,o) = (0,0) 

Proposition 11.1. Suppose that for D5 (0,0,0,0,1,0), there exists a rational solu- 
tion such that x,y,z,w are all holomorphic at t = 00 and (000,0, Coo,o) = (0,0). Then, 
ix,y,z,w) = (0,0,0,0). 

Proof. The proposition follows from the direct calculation and Proposition 11.21 D 
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11.1.2 The case where (aoo,o, Coo,o) = (0,1) 

Proposition 11.2. For Z^^ (0, 0, 0, 0, 1, 0), there exists no rational solution such that 
X, y, z, w are all holomorphic at t = oo and {aoo,o, Coo,o) = (0, 1). 

Proof. By Propositions 11.1^ 11.21 and their corollary, we first note that y = w = and 
ctoo.-i = 0, Coo,-i = 1. Since — ao + cn = 0, we next observe that x is holomorphic at t = 0. 
From the discussions in Section 4, we find that /loo.o ~ ^o,o = 0, which implies that 
X = from Lemma 110.21 It then follows from the discussions in Section 2 and 3 that 
z is holomorphic at t = and z has a pole of order at most one at t = c G C* with 
Rest=c-z = — 1- However, this contradicts the residue theorem. D 

11.1.3 The case where (aoo,0; Coo,o) = (1;0) 

Proposition 11.3. For Dg (0,0,0,0,1,0), there exists no rational solution such that 
X, y, z, w are all holomorphic at t = oo and (000,0, Coo,o) = (1, 0). 

Proof. Suppose that D^ (0, 0, 0, 0, 1, 0) has such a solution. By Propositions II. ![ 11.21 and 
their corollary, we first note that y ^ w = and aoo,-i = 1, Coo,-i = 0. Since — ao + «i = 0, 
we next observe that x is holomorphic at t = 0. 

From the discussions in Section 4, we have /ioo,o ~ ^0,0 = 0, which contradicts Lemma 
[Ton □ 

11.1.4 The case where (aoo,o, Coo,o) = (1,1) 

Proposition 11.4. For Z^g (0,0,0,0,1,0), there exists no rational solution such that 
X, y, z, w are all holomorphic at t = 00 and (aoo,o, Coo,o) = (1, 1)- 

Proof. It can be proved in the same way as Proposition 111.31 D 

11.2 The case where y has a pole at t = 00 

11.2.1 The case where (floo.o, Coo,o) = (0,0) 

Proposition 11.5. Suppose that for Di^ (0,0,0,0,1,0), there exists a rational solution 
such that y has a pole at t = 00 and x, z, w are all holomorphic at t = 00 and (aoo,o, Coo,o) = 
(0,0). Then, {x,y,z,w) = {0,-t,0,0). 

Proof. The proposition follows from the direct calculation and Propositions 11.71 and 11.81 

D 
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11.2.2 The case where (aoo.o, Coo,o) = (0,1) 

Proposition 11.6. For Dl^ (0,0,0,0, 1,0), there exists no rational solution such that y 
has a pole at t = oo and x, z, w are all holomorphic at t = oo and (aoo.o, Coo.o) = (0, 1). 

Proof. Suppose that Dg (0, 0, 0, 0, 1, 0) has such a solution. By Propositions 11.71 and 11.81 
and their coroUary, we first note that y = —l,w = and aoo,-i = 0, Coo,-i = —1- Since 
—ao + «! = 0, we next observe that x is holomorphic at t = 0. 

From the discussions in Section 4, we see that /ioo,o~^o,o = 0, which imphes that x = 
from Lemma [10.21 From the discussions in Section 2, we then find that z is holomorphic 
at t = 0. Moreover, from the discussions in Section 3, we see that z is holomorphic at 
t = c E C* or z has a pole at t = c with Iiest=cZ = 1. However, this contradicts the residue 
theorem. D 

11.2.3 The case where (aoo,o, Coo,o) = (1,0) 

Proposition 11.7. For Di^ (0,0,0,0, 1,0), there exists no rational solution such that y 
has a pole at t = oo and x, z, w are all holomorphic at t = oo and (aoo,o, Coo,o) = (1,0). 

Proof. Suppose that D^ (0, 0, 0, 0, 1, 0) has such a solution. From the discussions in Sec- 
tion 4, we have h^Q — Hqq = —1, which contradicts Proposition 14.221 D 

11.2.4 The case where (aoo,o, Coo,o) = (1, 1) 

Proposition 11.8. For Di^ (0,0,0,0, 1,0), there exists no rational solution such that y 
has a pole at t = oo and x, z, w are all holomorphic at t = oo and (aoo,o, Coo,o) = (1, 1)- 

Proof. It can be proved in the same way as Proposition 111.71 D 

11.3 The case where w has a pole at t = oo 

11.3.1 The case where (floo.o, Coo,o) = (0,0) 

Proposition 11.9. Suppose that for Dl^ (0,0,0,0,1,0), there exists a rational solution 
of type A such that w has a pole at t = oo and x, y, z are all holomorphic at t = oo and 
(aoo,o, Coo,o) = (0,0). Then, {x,y,z,w) = (0,0,0, -t). 

Proof. The proposition follows from direct calculation and Proposition 11.241 D 
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11.3.2 The case where (aoo.o, Coo,o) = (0,1) 

Proposition 11.10. For Di^ (0,0,0,0, 1,0), there exists no rational solution such that w 
has a pole at t = oo and x, y, z are all holomorphic at t = oo and (floo.o, Coo.o) = (0, 1). 

Proof. It can be proved in the same way as Proposition 111.71 D 

11.3.3 The case where (aoo,o, Coo,o) = (1,0) 

Proposition 11.11. For D^ (0,0,0,0,1,0), there exists no rational solution such that w 
has a pole at t = oo and x, y, z are all holomorphic at t = oo and (ctoo.o, Coo,o) = (1, 0). 

Proof. It can be proved in the same way as Proposition 111.31 D 

11.3.4 The case where (aoo,o, Coo,o) = (1,1) 

Proposition 11.12. For D^ (0,0,0,0, 1,0), there exists no rational solution such that w 
has a pole at t = oo and x, y, z are all holomorphic at t = oo and (aoo,o, Coo,o) = (1, 1)- 

Proof. It can be proved in the same way as Proposition 111.71 D 

11.4 The case where y, w have a pole at ^ = oo 

11.4.1 The case where (floo.o, Coo,o) = (0,0) 

Proposition 11.13. Suppose that for D^ (0,0,0,0,1,0), there exists a rational solution 
of type A such that y, w both have a pole at t = oo and x, z are both holomorphic at t = oo 
and (floo.o, Coo,o) = (0, 0). Then, (x, y, z, w) = (0, -t, 0, t). 

Proof. The proposition follows from direct calculation and Proposition 11.391 D 

11.4.2 The case where (aoo,o, Coo,o) = (0, 1) 

Proposition 11.14. For D^ (0,0,0,0,1,0), there exists a rational solution of type A 
such that y, w both have a pole at t = oo and x, z are both holomorphic at t = oo and 
{O'oo,0, Coo,o) = (0, 1)- 

Proof. It can be proved in the same way as Proposition 111.71 D 
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11.4.3 The case where (aoo,o, Coo,o) = (IjO) 

Proposition 11.15. For Dg (0, 0, 0, 0, 1, 0), there exists no rational solution of type A 
such that y, w both have a pole at t = oo and x, z are both holomorphic at t = oo and 
(floo.O, Coo.o) = (1,0). 

Proof. It can be proved in the same way as Proposition 111.71 D 

11.4.4 The case where (aoo.o, Coo,o) = (1, 1) 

Proposition 11.16. For D^ (0,0,0,0,1,0), there exists no rational solution of type A 
such that y, w both have a pole at t = oo and x, z are both holomorphic at t = oo and 

[O'oofij Coo,o) = (I5 1)- 

Proof. It can be proved in the same way as Proposition 111.31 D 

11.5 Summary 

Proposition 11.17. For D^ (0,0,0,0,1,0), there exists a rational solution of type A. 
Then, 

(x, y, z, w) = (0, 0, 0, 0), (0, -t, 0, 0), (0, 0, 0, -t), (0, -t, 0, t). 

12 The main theorem for type A 

We summarize the discussions in Sections 7, 9, 10 and 11. 

Theorem 12.1. Suppose that for Di^ ('^i)o<j<5; there exists a rational solution of type A. 
By some Bdcklund transformations, the parameters and solution can then be transformed 
so that either of the following occurs: 

(1) (aQ,ai,a2,az,Ci4,,a^) = (do, 0,0,0, ai,0) and 

(x,y,z,w) = (0,0,0,0), 

(2) (ao, «!, a2, 03, 04, as) = (0, 0, 0, 0, 1, 0) and 

(x, y, z, w) = (0, 0, 0, 0), (0, -t, 0, 0), (0, 0, 0, -t), (0, -t, 0, t). 
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Moreover, D 



(1), 



a 



j)o<j 



,<5 has a rational solution of type A if and only if the parameters 



satisfy one of the following conditions: 



(1) 
(3) 
(5) 
(7) 
(9) 

(11) 
(13) 

(15) 



ao E Z 
ao e Z 
ai e Z 
ai e Z 
ao e Z 
ao e Z 
aieZ 
ai e Z 



a2 & Z 

a2 & Z 

0:2 G Z 

0:2 G Z 

^2 G Z 

0:2 € Z 

0:2 G Z 

0:2 G Z 



03 G Z, as G Z, (2) 

as + "4 G Z, as G Z, (4) 

ag G Z, as G Z, (6) 

as + a4 G Z, as G Z, (8) 

as G Z, a4 G Z, (10) 

as + as G Z, a^ G Z, (12) 

as G Z, a4 G Z, (14) 

as + as G Z, a4 G Z, (16) 



ao G Z, a2 + ai G Z 
ao G Z, a2 + ai G Z 
ai G Z, a2 + ao G Z 
ai G Z, a2 + ao G Z 
ao G Z, a2 + ai G Z 
ao G Z, a2 + ai G Z 
ai G Z, a2 + ao G Z 
ai G Z, a2 + ao G Z 



as G Z, as G Z, 

as + a4 G Z, as G Z, 

as G Z, as G Z, 

a4 + as G Z, as G Z, 

as G Z, a4 G Z, 

as + as G Z, a4 G Z, 

as G Z, a4 G Z, 

as + as G Z, a4 G Z. 



13 Rational solutions for the standard form I (1) 

In this section, we treat the case where — ao + ai = — a4 + as = 0. 



Proposition 13.1. Suppose that for D 



(1), 



a 



jJO<j<5, 



the parameters satisfy — ao + ai 



-a4 + as = 0. Then, by some shift operators, the parameters can be transformed so that 
-ao + ai = — a4 + as = and 

ao, a2, as, a4 ^ 0, 

ao + ai + 2a2, 2as + a4 + as 7^ 0, 

ao + ai + 2a2 + 2a3, 2a2 + 2as + a4 + as 7^ 0, 



which implies that 



ao + a2, a4 + as, ao + ai, a4 + as 7^ 0. 



Proposition 13.2. Suppose that —a^ + ai 



-a4 + as = and D 



(1), 



a 



'j)o<j 



<s has a 



rational solution of type B. Moreover, assume that the parameters satisfy not only the 
generic conditions in Proposition \13.1[ but also 

2as + a4 + as ^ Z, ao + ai ^ Z, a4 + as ^ Z. 

By some Bdcklund transformations, the parameters and solution can then be transformed 
so that — ao + ai = — a4 + as = 0, and 



1 



t 



1 



X 



-■, V = — , z 
2 2 



-,w = 0. 
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Let us treat the case where for Di^ ioij)o<j<5^ ~C(o + cti = — ^4 + ^5 = and one of 
2^3 + 04 + 0:5, ao + ai and 04 + 05 is an integer. 

Proposition 13.3. Suppose that for D\ ('^i)o<j<5, —^o + oi = — 04 + 05 = and one 

0/203 + 04 + 05, oo + oi and 04 + 05 2S an integer. By some Bdcklund transformations, 
the parameters can then he transformed so that Oq = Oi = 1/2 and — 04 + 05 = 0. 

14 Rational solutions for the standard form I (2) 

In this section, we treat the case where Oq = Oi = 1/2 and — 04 + 05 = 0. By shift 
operators, we can assume that 02,03,04,05 7^ 0. 

Lemma 14.1. Suppose that oq = oi = 1/2, —04 + 05 = and D^ ic(j)o<j<5 has a 
rational solution such that y, w both have a pole order n {n > 2) at t = 00 and x, z are 
both holomorphic at t = 00. Moreover, assume that 04,05,203 + 04 + 05 7^ 0. Then, 
02 G Z. 

Proof. From the discussion about the meromorphic solutions at t = in Section 2, we 
have only to consider the following three cases: 

(0) X, y, z, w are all holomorphic at t = and 60,0 = 0, 

(1) z has a pole at t = and x, y, w are all holomorphic at t = 0, 

(2) y, w both have a pole at t = and x, z are both holomorphic at t = 0. 

We treat case (1). If case (0) or (2) occurs, the proposition can be proved in the same 
way. 

From Propositions 14. 9[ 14.121 and 14.221 we have 

^00,0 - ^0 = "2 - 03(03 + 04 + 05) G Z. 

Since 03 7^ 0, ss{x, y, z, w) is a solution of D5 (1/2, 1/2, 02 + 03, — 03, 04 + 03, 05 + 03) 
such that both of S3{y,w) have a pole of order ri at t = 00 and both of 53(0;, z) are 
holomorphic at t = 00. Moreover, all of S3{x,y,z,w) are holomorphic at t = and 
bo,o = do,o = 0. By Proposition |4Jl |410| and |422l we obtain 

hocfl - hofl = -(02 + 03)(o2 + 03 + 04 + 05) G Z. 
Thus, it follows that 

{02—03(03 + 04 + 05)} — { — (02 + 03)(02 + 03 + 04 + 05)} = 02(202 + 203 + 04 + 05) = O2 G Z, 

because oq = oi = 1/2. D 
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Proposition 14.2. Suppose that D\^ {(^j)o<j<5 has a rational solution of type B and the 
parameters satisfy 

aQ = ai = 1/2, —0:4 + as = 0, 2^3 + 04 + 0:5 ^ Z, 04 + as Z. 

By some Bdcklund transformations, the parameters and solution can then he transformed 
so that — tto + «! = —04 + cts = and x = 1/2, y = —t/2, z = 1/2, w = 0. 

Let us treat the case where ao = ai = 1/2, —04 + as = and either 203 + 0:4 + as or 
a4 + as is an integer. 

Proposition 14.3. Suppose that for D^ {oij)o<j<5, ao = ai = 1/2, —a^\a^ = and 
either 2aj, + a4 + as or a^ + as is an integer. By some Bdcklund transformations, the 
parameters can then be transformed so that either of the following occurs: 
(1) ao = ai = 1/2 and a^ = a^ = 0, (2) ao = ai = a4 = as = 1/2. 

15 Rational solutions for the standard form I (3) 

In this section, we treat the case where ao = ai = 1/2 and a4 = as = 0, and the case 
where ao = ai = a4 = as = 1/2. For this purpose, we have the following lemma: 

Lemma 15.1. Suppose that D^ ('^i)o<j<5 has a rational solution of type B such that y 
has a pole at t = oo and x,z,w are all holomorphic at t = oo. Moreover, assume that 
— ao + ai = and /iqo.o — ^o,o = 0. Then, x = 1/2. 

Proof. The lemma follows from Lemma 110. 2[ D 

15.1 The case where ao = ai = 1/2 and 0:4 = 0^5 = 

Proposition 15.2. Suppose that D^ (%)o<j<5 has a rational solution of type B and the 
parameters satisfy 

ao = ai = 1/2, a4 = as = and 2a2, 2a3 ^ Z. 

By some Bdcklund transformations, the parameters and solution can then be transformed 
so that either of the following occurs: 

(1) — ao + ai = — a4 + as = and (x, y, z, w) = (1/2, —t/2, 1/2, 0), 

(2) ao = ai = 1/2, — a4 + as = 2a3 + a4 + as = 0, and 

{x,y,z,w) = {l/2,-t/2 + h,l/2,d), 

where b, d are both arbitrary complex numbers and satisfy 6 + d = 0. 
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Proof. From the discussion in Section 1, we consider the following cases: 

(1) y has a pole at t = oo and x, z, w are all holomorphic at t = oo and Coo,o = 1/2, 

(2) y has a pole ai t = oo and x, z, w are all holomorphic at t = oo and Coo,o 7^ 1/2, 

(3) y, z both have a pole at t = oo and x, w are both holomorphic at t = oo, 

(4) y, w both have a pole of order n (n > 2) at t = oo and x, z are both holomorphic at 
t = oo. 

If case (1) or (2) occurs, the proposition follows from Propositions ll.ll l and 11.171 We 
treat case (3). If case (4) occurs, the proposition can be proved in the same way. 

Since 2a3 ^ Z, it follows from Proposition II. 32l that Ss{x, y, z, w) is a rational solution 
of D5 (1/2, 1/2, 0, —03, as, tts) such that S3{y) has a pole at t = 00 and all of Ss{x, z, w) are 
holomorphic at t = 00 and Coo,o = 1/2. Therefore, the proposition follows from 11.1^ D 

The remaining case is 

ao = «i = 1/2, 0^4 = as = 0, 2a2 G Z, 20:3 G Z. 

Proposition 15.3. Suppose that for D^ i'^j)o<j<5, ao = ai = 1/2, 04 = 05 = and 
2a2 G Z, 2^3 G Z. i??/ some Bdcklund transformations, the parameters can then he trans- 
formed that 

(ao, ai, a2, as, a4, ag) = (1/2, 1/2, 0, 0, 0, 0), (0, 0, 1/2, 0, 0, 0). 

15.2 The case where ag = Q^i = ^4 = Q^5 = 1/2 

Proposition 15.4. Suppose that D\^ (%)o<i<5 has a rational solution of type B such that 
y has a pole at t = 00 and x,z,w are all holomorphic at t = 00. Moreover, assume that 
ao = ai = 1/2, a2 = —1/2, — a4 + as = and h^ofi — /^-o.o = 0. One of the following then 
occurs: 

(1) — ao + ai = — a4 + as = and 

X = -, y = — , z = -, w = 0, 
2 ^22 

(2) ao = ai = 1/2, a2 = —1/2, a-^ = 1/2, a4 = as = and 

1 t 2a3 2a3 

X = -, y = \ , z = c, w 



2" 2 2c -I 2c -r 

(3) ao = ai = 1/2, a2 = —1/2, as = 0, a4 = as = 1/2 and 

1 t 1 

a; = 2' y = "2' ^ " 2 ^ '^^~^' ^ " '^' 
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(4) ao = ai = 1/2, 0:2 = —1/2, 03 = 1, 0:4 = as = —1/2 ano? 

1 t 1 ^^_i Ct 

X = -, y = — , z = — hot , w 



2' ^ 2' 2 ' (t/2 + C)(t/2-C)' 

where c, C are 6ot/i arbitrary complex numbers and c 7^ 1/2. 

Proof. If Coo,o 7^ 1/2, it follows from Propositions 11.16 1 and 11.171 that a^ = a^ = and 

1 t 2a3 2^3 



X = -, y = — - + -, z = c, w 



2 ' " 2 2c - 1 ' 2c - 1 

Therefore, we may assume that Coo,o = 1/2. Moreover, by Lemma [15.11 we note that 
X = 1/2. Substituting a; = 1/2 in 

ty' = —2xy'^ + 2/^ — 2txy + {t + (2a2 + 2^3 + a^ + 0:4)} y — ait, 

we obtain y = —t/2 + b, where b is an arbitrary constant. Proposition 11.101 shows that 
^00,0 = 0, which implies that y = —t/2. 
Substituting x = 1/2 and y = —t/2 in 

tx' = 2x^y + tx^ — 2xy — {t + {2a2 + 2^3 + as + a4)} x 

+ (a2 + as) + 2z{{z - l)w + as} , 

we have 

1 

2z{z — l)w = —as + 7; — 2a3Z. 

Substituting x = 1/2 and y = —t/2 in 

tz' = 2z^w + tz^ — 2zw — {t + (as + a4)} z + a^ + '^yz{z — 1), 

we have tz' = —z+1/2, because 2z{z — l)w = — as + 1/2 — 2a3Z. By solving this differential 
equation, we obtain z = 1/2 + Ct~^, where C is an arbitrary constant. 
If C = 0, it follows from Proposition II. 131 that 

1 t 1 

X = -, y = — , z = -, w = 0. 

2 2 2 

We assume that C 7^ 0. Considering 

x= -, y = --, ^ = 2 + *-^^~^' ^^(^ ~ -^^^ " ~"5 +2' ^"32^' 

we have 

a^Ct 
w 



{t/2 + C){t/2-Cy 
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Substituting this solution in 

tw' = —2zw'^ + w'^ — 2tzw + {t + (as + a4)}w — a^t — 2y{—w + 2zw + a^), 
we then have 

"»^* ^ *' cA = „ , ?" „„. (U - 2a,) - C-- 



{(t/2 + C){t/2-C)y-\ 4 ; l(t/2 + C){t/2-C)y'\4 

which imphes that 03 = 0, 1. D 

^5 ("i)o<j<5 



Proposition 15.5. Suppose that D^ {oij)o<j<5 has a rational solution of type B and the 



parameters satisfy 

ao = tti = ^4 = ^5 = 1/2, and 2q;2, 2^3 Z. 

5?/ some Bdcklund transformations, the parameters and solution can then be transformed 
so that — cto + «! = —04 + as = and (x, y, z, w) = (1/2, — 1/2, 1/2, 0). 

Proof. By the discussion in Section 1, we consider the following cases: 

(1) y has a pole ai t = 00 and x, z, w are all holomorphic at t = 00, 

(2) y, z both have a pole at t = 00 and x, tt; are both holomorphic at t = cxd, 

(3) y, w both have a pole at t = 00 and x, z are both holomorphic at t = 00. 

We treat case (2). If case (1) or (3) occurs, the proposition can be proved in the same 
way. For this purpose, we consider the following cases: 
(i) X, y, z, w are all holomorphic at t = 0, 
(ii) z has a pole at t = and x, y, w are holomorphic at t = 0, 
(iii) y, w both have a pole at t = and x, z are both holomorphic at t = 0. 

We deal with case (ii). If case (i) or (iii) occurs, the proposition can be proved in the 
same way. Since 2a^ ^ Z, it follows from Propositions II . 32] and 127X1] that S3(x, y, 2;, w) is a 
rational solution of D5 (1/2, 1/2, —1/2, —03, 03 + 1/2, 03 + 1/2) such that 53(1/) has a pole 
at t = 00 and all of S3(x, z, w) are holomorphic at t = 00. Moreover, all of S3(x, ?/, z, w) are 
holomorphic at t = and 60,0 = dofl = 0. Therefore, from Propositions 14.51 and I4.10[ we 
see that for S3(x, y, z, w), /iqo.o — ^0,0 = 0. Thus, the proposition follows from Proposition 

MM □ 

The remaining case is 

tto = «i = «4 = «5 = 1/2, 2^2 £ Z, 2«3 G Z. 
Proposition 15.6. Suppose that for Di^ ('^j)o<j<5) 

ao = «! = 0:4 = as = 1/2, 2^2 € Z, 20:3 G Z. 
5?/ some Bdcklund transformations, the parameters can then be transformed that 

(ao, ai, ^2, "3, "4, "5) = (0, 0, 1/2, 0, 0, 0). 
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16 Rational solutions for the standard form I (4) 

16.1 Rational solutions of Df\l/2, 1/2, 0, 0, 0, 0) 

Lemma 16.1. Suppose that D5 (1/2,1/2, —1,1,0,0) has a rational solution of type B 
such that y has a pole at t = 00 and x, z, w are all holomorphic at t = 00 and Coo,o = 1/2- 
Moreover, assume that h^x.^ — /io,o = 0. Then, (x, y, z, w) = (1/2, — 1/2, 1/2, 0). 

Proof. By Lemma [15.11 we note that x = 1/2. Substituting x = 1/2 in 

ty' = —2xy'^ + y'^ — 2txy + {t + (2^2 + 20:3 + a^ + a^)} y — ait, 

we obtain y = —t/2 + b, where b is an arbitrary constant. Proposition 11.101 shows that 
boo,o = 0, which imphes that y = —t/2. 
Substituting x = 1/2 and y = —t/2 in 

tx' = 2x'^y + tx"^ — 2xy — {t + {2a2 + 2^3 + a^ + a^)} x 

+ (^2 + as) + 22 {{z - l)w + 03} , 

we have 2z{z — l)w = 1 — 2z. 

Substituting x = 1/2 and y = —t/2 in 

tz' = 2z^w + tz"^ — 2zw — {t + (as + a4,)} z + a^ + 2yz(z — 1), 

we have tz' = 1 — 2z, because 2z{z — l)w = 1 — 2z. By solving this differential equation, 
we obtain z = 1/2 + Ct~'^, where C is an arbitrary constant. 
Considering 2z{z — l)w = 1 — 2z, we have 

" = 21(7^1) = (t72 + CW/2 -C) = ^^'" + • • • "*' = ^- 

If C = 0, the proposition follows. Therefore, we assume that C 7^ 0. 
Substituting x = 1/2, y = -t/2 and z = l/2 + Ct''^ in 

tw' = —2zw'^ + w'^ — 2tzw + {t + (as + a4)}w — ast — 2y(—w + 2zw + 03), 

we obtain 

tw' = -2Ct-'^w^, 

which implies that 

t^ I -tyc a D = o, 



w 



C + Dt^ \ -1/D + ■■■ at t = 00 if D ^ 0, 



where D is an arbitrary constant. However, this is impossible. Thus, it follows that 
C = 0, which proves the lemma. D 
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Lemma 16.2. Suppose that Di^ (1/2, 1/2, —1, 1,0,0) has a rational solution of type B. 
such that y has a pole at t = oo and x, z, w are all holomorphic at t = oo and Coo,o = 1/2. 
Then, (x, y, z, w) = (1/2, -t/2, 1/2, 0). 

Proof. By Proposition I4.5[ we note that /loo.o = 0. From the discussion in Section 1, let 
us consider the following cases: 

(1) X, y, z, w are all holomorphic at t = and 6o,o = 0, 

(2) X, y, z, w are all holomorphic at t = and 6o,o ¥" 0; 

(3) z has a pole at t = and x, y, w are all holomorphic at t = 0, 

(4) y, w both have a pole at t = and x, z are both holomorphic at t = 0. 

From the discussion in Section 4, /io,o = 0,1/4,1/4,1/4 if case (1), (2), (3) or (4) 
occurs. Since /ioo,o ~ ^o,o ^ ^i it follows that /ioo,o ~ ^o,o = 0, which proves the lemma. D 

Proposition 16.3. Suppose that D\^ (1/2, 1/2, 0, 0, 0, 0) has a rational solution of type B. 
The parameters and solution can then he transformed so that one of the following occurs: 

(1) — tto + «! = — tt4 + «5 = 0, and (x, y, z, w) = (1/2, — 1/2, 1/2, 0), 

(2) ao = ai = 1/2, —a^ + a^ = 2a^ + 0:4 + 0:5 = 0, and 

{x,y,z,w) = il/2,-t/2 + b,l/2,d), 
where b, d are both arbitrary complex numbers and satisfy b + d = Q. 

Proof. For the proof, we have only to consider the following: 

(1) y has a pole ai t = 00 and x, 2;, w are all holomorphic at t = 00, 

(2) y, z both have a pole at t = 00 and x,w are both holomorphic at t = 00, 

(3) y, w both have a pole of order n (n > 2) at t = 00 and x, z are both holomorphic at 
t = 00. 

If case (1) occurs, the proposition follows from the direct calculations. Propositions 
[TT^andfTTn 

If case (2) occurs, S3S2SiSo{x, y, z, w) is a rational solution of D^ (1/2, 1/2, 0, —1, 1, 1) 
such that S3S2SiSo{y) has a pole at t = 00 and all of S3S2SiSq{x, z, w) are holomorphic at 
t = 00 and Coo,o = 1/2. Therefore, the proposition follows from Proposition 11.121 

If case (3) occurs, S2SiSQ{x,y, z,w) is a rational solution of D^ ^(1/2,1/2,-1,1,0,0) 
such that S2SiSo{y) has a pole at t = 00 and all of S2SiSo{x,z,w) are holomorphic at 
t = 00. If Coo,o 7^ 1/2, by S3 and Proposition I1.17[ we can obtain the proposition. If 
Coo,o = 1/2, by Lemma 116. 2[ we can prove the proposition. D 

16.2 Rational solutions of D^^\o, 0, 1/2, 0, 0, 0) 

Lemma 16.4. Suppose that D\^ -^(0, 0, 1/2, 0, 0, 0) has a rational solution of type B. Then, 

hoofl ~ ^0,0 = 0. 
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Proof. From the discussion in Section 1, we first consider the following: 

(1) y has a pole at t = oo and x, z, w are all holomorphic at t = oo, 

(2) w has a pole at t = oo and x, y, z are all holomorphic at t = oo, 

(3) y, z both have a pole at t = oo and x,w are both holomorphic at t = oo, 

(4) y, w both have a pole at t = oo and x, z are both holomorphic at t = oo. 

From the discussion in Section 1, it then follows that /loo.o = 0, —1/4, 0, —1/4 if case (1), 
(2), (3) or (4) occurs. 

From the discussion in Section 2, we next consider the following: 
(i) X, y, z, w are all holomorphic at t = and 6o,o = 0, 
(ii) X, y, z, w are all holomorphic at t = and 6o,o 7^ 0, 
(iii) z has a pole at t = and x, y, w are all holomorphic at t = 0, 
(iv) y, w both have a pole at t = and x, z are both holomorphic at t = 0. 
From the discussion in Section 2, it then follows that /io,o = 0, —1/4, 0, —1/4 if if case (i), 
(ii), (iii) or (iv) occurs. 

Since /loo.o ~ ^o,o = 0, we find that /iqo.o ~ ^o,o = 0. D 

Lemma 16.5. Suppose that D^ -^(0,0,1/2,0,0,0) has a rational solution of type B such 
that y has a pole at t = oo and x,z,w are all holomorphic at t = oo and Coo,o = 1/2. 
Then, (x, y, z, w) = (1/2, -t/2, 1/2, 0). 

Proof. By Lemmas 115.11 and 116. 4[ we note that x = 1/2. Substituting x = 1/2 in 

ty' = —2xy'^ + y^ ~ 2txy + {t + (2^2 + 2a3 + a^ + ai)}y — ait, 

we obtain y = Ct where C is an arbitrary constant. Proposition 11.101 shows that C = 
— 1/2, which implies that y = —t/2. 

Substituting x = 1/2 and y = —t/2 in 

tx' = 2x^y + tx^ — 2xy — {t + (2^2 + 2^3 + as + a^)} x 

+ {a2 + as) + 2-2 {{z - l)w + as} , 

we have 2z{z — l)w = 0. 

Substituting x = 1/2 and y = —t/2 in 

tz' = 2z^w + tz^ — 2zw — {t + (as + a^)} z + a^ + 2yz{z — 1), 

we have tz' = 0, because 2z{z — l)w = 0. Therefore, from Proposition ll.lOl we obtain 
z = 1/2, which implies that w = 0. D 

Lemma 16.6. Suppose that D^ (0, 0, 0, 1/2, 0, 0) has a rational solution of type B. Then, 
hoofi -~ ^0,0 = 0. 
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Proof. It can be proved in the same way as Lemma I16.4[ D 

Lemma 16.7. D^ (0, 0, 0, 1/2, 0, 0) has no rational solution of type B such that y has a 
pole at t = oo and x, z, w are all holomorphic at t = oo and Coo,o 7^ 1/2- 

Proof. Suppose that D5 (0, 0, 0, 1/2, 0, 0) has such a solution. By Lemmas 115. II and 116.61 
we then note that x = 1/2. Substituting x = 1/2 in 

ty' = —2xy'^ + y'^ — '^txy + {t + (2^2 + 2^3 + a^ + 0(4)} y — ait, 

we obtain y = Ct where C is an arbitrary constant. Proposition 11.161 shows that C = 
— 1/2, which iniphes that y = —t/2. 

Substituting x = 1/2 and y = —t/2 in 

tx' = 2x^y + tx^ — 2xy — {t + {2a2 + 203 + a^ + a^)} x 

+ (^2 + as) + 2z{{z - l)w + 03} , 

we have 2z{z — l)w = 1/2 — z. 

Substituting x = 1/2 and y = —t/2 in 

tz' = 2z^w + tz^ — 2zw — {t + (as + 04)} z + a^ + 2yz{z — 1), 

we have tz' = 1/2 — z, because 2z{z — l)w = 1/2 — z. By this differential equation, we 
obtain z = 1/2 + Ct^^ C G C, which is impossible. D 

Proposition 16.8. Suppose that Dl^ -^(0,0,1/2,0,0,0) has a rational solution of type B. 
Then, (a;, y, z, w) = (1/2, -t/2, 1/2, 0). 

Proof. From the discussion in Section 1, we consider the following: 

(1) y has a pole at t = 00 and x, z, w are all holomorphic at t = 00 and Coo,o = 1/2; 

(2) y has a pole at t = 00 and x, z, w are all holomorphic at t = 00 and Coo,o = 1/2, 

(3) w has a pole at t = 00 and x, y, z are all holomorphic at t = cxd, 

(4) y, z both have a pole at t = 00 and x, w are both holomorphic at t = 00, 

(5) y, w both have a pole of order n (n > 1) at t = 00 and x, z are both holomorphic at 
t = 00. 

If case (1), (2) or (4) occurs, since /ioo,o — ^0,0 = 0, we first note that x = 1/2. If case 

(1) occurs, we can prove the proposition by substituting x = 1/2 in D5 (aj)o<j<5. If case 

(2) or (4) occurs, we can show contradiction by substituting x = 1/2 in D5 ^(aj)o<j<5. 

If case (3) occurs, by 7r2, we find that D^ (0, 0, 0, 1/2, 0, 0) has a rational solution of 
type B such that y has a pole at t = 00 and x, z, w are all holomorphic at t = 00 and 
Coo,o 7^ 1/2- However, this is impossible from Lemma [16.71 

If case (5) occurs and n = 1, by 7r2, we can show the contradiction. If case (5) occurs 

j)o<i<5- 
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and n > 2, we can prove the contradiction by substituting x = 1/2 in D5 (aj)o<j<5- n 



17 Summary for the standard form I 

We summarize the discussions in Sections 10, 11, 12 and 13. 

Theorem 17.1. Suppose that —a^ + ai = —a^ + a^ = and D^ (ttj)o<j<5 has a rational 
solution type B. The parameters and solutions can then be transformed so that either of 
the following occurs: 

(1) — ao + tti = —0:4 + ^5 = and (x, y, z, w) = (1/2, — 1/2, 1/2, 0), 

(2) (ao, "1, "2, as, "4, as) = (1/2, 1/2, 0, 0:3, -0:3, -03) and 

{x,y,z,w) = {l/2,-t/2 + b,l/2,d), 
where b, d are both arbitrary complex numbers and satisfy h + d = Q. 

Remark 

We note that if ao = ai = 1/2 and —0:4 + 0:5 = 20:3 + 0:4 + as = 0, this means that 
(ao, ai, a2, a3, a4, as) = (1/2, 1/2, 0, a3, -a3, -a3). 

18 Rational solutions for the standard form II (1) 



In this section, we treat the standard form II, the case where — ao + ai = 0, — a4 + a5 = 1. 
For this purpose, we obtain more necessary conditions, if Dl^ (ctj)o<j<5 has a rational 
solution of type B. 

We then may assume that 2a3 + a4 + as 7^ 0. Moreover, since Rest=oa: = — ao + ai = 0, 
we can assume that x is holomorphic at t = 0. 

18.1 The case where y has a pole at t = cxd and Coo,o = 1/2 • • • (0) 

In this subsection, we treat the case where y has a pole at t = 00 and x, z, w are all 
holomorphic at t = 00 and Coo,o = 1/2. 

18.1.1 The case where x,y,z,w are all holomorphic at t = 

Proposition 18.1. // — ao + ai = and —a^ + as = 1, -D5 ('^j)o<i<5 has no rational 
solution of type B such that both (1) and (2) hold: 

(1) y has a pole at t = 00 and x, z, w are holomorphic at t = 00 and Coo,o = 1/2, 

(2) X, y, z, w are all holomorphic at t = and bo^ = (io,o = 0. 
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Proof. Suppose that D^ (q;j)o<j<5 has such a rational solution. From Proposition 14. 5[ 
EO] and 11221 it follows that 

hoofi - hofl = 1/4 e Z, 

which is impossible. D 

Proposition 18.2. Suppose that —ao + ai = 0, —04 + 0:5 = 1 and D\ (q;j)o<j<5 has a 
rational solution of type B such that both (1) and (2) hold: 

(1) y has a pole at t = 00 and x, z, w are all holomorphic at t = 00 and Coo,o = l/^j 

(2) X, y, z, w are all holomorphic at t = and 60,0 + do,o = 0, 60,0 7^ 0- 
Then, as - 1/2 G Z. 

Proof. From Proposition 14.51 14.10[ it follows that 

hoo,o - hofi = 1/4 + a2(a2 + 20:3 + 04 + 0:5) G Z. (18.1) 

TT2{x,y,z,w) is a rational solution of type B of Di^ (0:5, 04, 03, 0:2,0:1, «o) such that 
'K2{y) has a pole at t = 00 and all of 7r2(a;, 2;, w) are holomorphic at t = 00 and Coo,o = 1/2. 
Moreover, Tt2{z) has a pole at t = and all of 7r2(x, y, w) are holomorphic at t = 0. Then, 
for 7r2{x, yyZyW), we observe from Propositions 14.51 and 14. 121 that 

hoo,o - hofi = -1/4 - 02(00 + Oi + 02) G Z. (18-2) 

Therefore, it follows from (118. ip and (118. 2p that 

— Oo + Oi = 0, — 04 + 05 = 1 and 02 — 1/2 G Z. 

D 

Proposition 18.3. Suppose that — oq + oi = 0, — 04 + 05 = 1 and D^ ('^i)o<i<5 has a 
rational solution of type B such that both (1) and (2) hold: 

(1) y has a pole at t = 00 and x, z, w are all holomorphic at t = 00 and Coo,o = 1/2, 

(2) X, y, z, w are all holomorphic at t = and 60,0 + c^o.o = ~<^4: + 05 = 1. 
Either of the following then occurs: (i) Oq + Oi G Z, (ii) 04 + 05 G Z. 

Proof. If 60,0 7^ 0, it follows from the proof of Proposition 18.51 that — Oq + Oi = 0, — 04 + 
05 = 1 and Oq + Oi G Z. 

Let us consider the case where 60,0 = 0, which implies that (io,o = — 04 + 05 = It^O. 
For this purpose, by Proposition 12. 5[ we have only to consider the following two cases: 
(i) 60,0 = and co,o = 1/2, (ii) 60,0 = and co,o = 05/(-04 + 05) 7^ 1/2. 

If case (i) occurs, it follows from Proposition 12.61 that — oq + oi = 0, — 04 + 05 = 1 
and 04 + 05 = 0. 
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Let us treat case (ii). For this purpose, we can assume that 04 7^ 0, because —04+05 = 
1. Si7r2(x, y, z,w) is then a rational solution of type B of D^ (05, —04, 03 + 04, 02, «i, «o) 
such that siTT2{y) has a pole at t = 00 and all of sitt2{x,z,w) are holomorphic at t = 00 
and Coo,o = 1/2. Moreover, all of Si7r2(x, y, z, w) are holomorphic at t = 0. Thus, it follows 
from the residue theorem that — cto + Oi = 0, —a^ + 0:5 = 1 and 



-as + {-ai) = -Rest=^si7i2{x) E Z. 



n 



18.1.2 The case where z has a pole at t = 



Proposition 18.4. Suppose that —ao + ai = 0, —04 + a^ = 1 and Dl^ {(^j)o<j<^ has a 



rational solution of type B such that both (1) and (2) hold: 

(1) y has a pole at t = 00 and x, z, w are all holomorphic at t = 00 and Coo,o = 1/2? 

(2) z has a pole of order n {n > 1) at t = and x, y, w are all holomorphic at t = 0. 
Then, one of the following occurs: (i) a2 = 0, (ii) a^ + a2 = 0, (iii) a^ — 1/2 G Z. 

Proof. We can assume that 02 7^ 0. From Proposition 14.51 and 14. 12[ it follows that 

hoo,o - hofi = 1/4 - 03(03 + 04 + 05) e Z. (18.3) 

S2(x, y, z, w) is a rational solution of type B of Di^ '{ao + 02, ^i + ^25 —^25 0^3 + ^25 0^45 0^5) 
such that one of the following occurs: 

(i) 82(10) has a pole at t = 00 and all of S2{x, y, z) are holomorphic at t = cxd, 
(ii) both of S2{y, w) have a pole of order one at t = 00 and both of S2{x, z) are holomor- 
phic at t = 00, 

(iii) both of S2{y,w) have a pole of order m {m > 2) at t = 00 and both of S2{x,z) 
are holomorphic at t = 00 and S2{z) has a pole of order n (n > 2) at t = and all of 
S2{x,y,w) are holomorphic at t = 

(iv) both of S2{y, w) have a pole of order m {m > 2) at t = 00 and both of S2{x, z) are 
holomorphic at t = 00 and S2{z) has a pole of order one at t = and all oi S2{x,y,w) are 
holomorphic at t = 0. 

If case (i) occurs, it follows from Proposition 11.261 that — oq + cti = 0, —04 + 0:5 = 1 
and ai + a2 = 0. 

If case (ii) occurs, it follows from Proposition 11.411 that — oq + ai = 0, —a^ + 0:5 = 1 
and ai + a2 = 0. 

If case (iii) occurs, TT2S2{x,y, z^w) is then a rational solution of Dg (05, 04, 03 + 
«2, — a2,«i + «2,«o + ^2) such that 7!'2S2{y) and vr2S2(-2) have a pole of order one and 
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m — 1 at t = oo, respectively and 7!'2S2{y) and tt2S2{w) have a pole of order n — 1 at t = 0. 
For iT2S2{x,y,z,w), we observe from Proposition 14.81 and 14.141 that 

hoofi - hofi = -1/4 + 03(00 + oi + 2^2 + a-i) G Z. (18.4) 

From 018. 3p and 018. 4p . it follows that — Oq + Oi = 0, —04 + 05 = 1 and 03 — 1/2 G Z. 

If case (iv) occurs, we use 71282 in the same way and can prove that — oq + ai = 
0, — ^4 + as = 1 and 03 — 1/2 G Z. D 

18.1.3 The case where y,w have a pole at t = 

Proposition 18.5. Suppose that —ao + ai = 0, —0:4 + 05 = 1 and D\^ («i)o<i<5 has a 
rational solution of type B such that both (1) and (2) hold: 

(1) y has a pole at t = 00 and x, z, w are all holomorphic at t = 00 and Coo,o = 1/2 

(2) y, w both have a pole of order n (n > 1) at t = and x, z are both holomorphic at 
t = 0. 

Either of the following then occurs: (i) 02 = 0, (ii) 0:4 + 05 = 0. 

Proof. We assume that 02 7^ 0. From Corollary I2.19[ it follows that S2{x,y,z,w) is a 
rational solution of type B of D^ {ao + 02, «i + «2, — «2, «3 + «2, ^4, as) such that all of 
S2{x,y,z,w) are holomorphic at t = 0. Moreover, the constant terms of S2{x,z) at t = 
are given by ao,o = co,o = 1/2 and for S2{y,w), &o,o + '^o,o = —04 + 05. Therefore, it follows 
from Lemma [2.201 that — oq + oi = 0, -04 + 05 = 1 and 0:4 + 05 = 0. D 

18.1.4 Summary 

Proposition 18.6. Suppose that —ao + ai = 0, -04 + 05 = 1 and D^ ic(j)o<j<5 has a 
rational solution of type B such that y has a pole at t = 00 and x, z, w are all holomorphic 
at t = 00 and Coo,o = 1/2. Then, one of the following occurs: 

(1) 2^3 + 04 + as e Z, (2) aa = 0, (3) «2 - 1/2 G Z, (4) a^ - 1/2 G Z, 

(5) ao + «! G Z, (6) 0:4 + as G Z. 

18.2 The case where y has a pole at i = 00 and Cooo 7^ 1/2 • • • (1) 

Proposition 18.7. Suppose that for D^ ('^j)o<i<S; ~cto + ai = 0, — a4 + as = 1 anrf 
there exists a rational solution of type B such that y has a pole at t = 00 and x,z,w 
are all holomorphic at t = 00 and Coo,o 7^ 1/2- Moreover, assume that case (1) occurs in 
Proposition \1.16[ Then, one of the following occurs: 

(1) a4 + as G Z, (2) a3 = 0, (3) aa + a3 = 0, (4) aa + a3 - 1/2 G Z, 

(5) a3 - 1/2 G Z, (6) ao + ai G Z, (7) 2a3 + a4 + as G Z. 
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Proof. We can assume that as 7^ 0. s^lx, y, z, w) is then a rational solution of type B of 

D^ (tto, «!, «2 + tts, — «3, «4 + «3, «5 + c^s) such that ss{y) has a pole at t = 00 and all of 
S3{x,z,w) are holomorphic at t = 00. Moreover, for ss{x,y,z,w), 

_ «5 "3 _ 1 

°°' —04 + «5 — 2q;3(— 04 + Q;5)/(a;4 + ^5) 2 
Thus, from Proposition I18.6[ we can prove the proposition. D 

18.3 The case where y has a pole at t = 00 and Coo,o 7^ 1/2 • • • (2) 

18.3.1 The case where x,y,z,w are all holomorphic at t = 

Proposition 18.8. Suppose that for D^ ('^i)o<i<5, —otQ + ai = 0, —0:4 + 0:5 = 1 and 
there exists a rational solution of type B such that both (1) and (2) hold: 

(1) y has a pole at t = 00 and x,z,w are holomorphic at t = 00 and Coo.o 7^ 1/2 and 
case (2) occurs in Proposition \1.16[ 

(2) X, I/, z, w are all holomorphic at t = and 60,0 + c^o.o = 0, 60,0 = 0. 
Either of the following then occurs: (1) a^ = 0, (2) 2^3 + 0:4 + 0:5 G 2Z. 

Proof. From Proposition 14.61 and I4.10[ it follows that 

hoo,o - ho,o = T(2a3 + 04 + a^f e Z. (18.5) 

7r2(x, y, z, w) is a rational solution of type B of Di^ (05, 04, as, 02, en, oo) such that all 
of 7i2{x, y, z, w) are holomorphic at t = and 60,0 + dofl = 0, &o,o = 0. Moreover, either of 
the following occurs: 

(i) vr2(w) has a pole at t = 00 and all of n2{x, y, z) are holomorphic at t = 00, 
(ii) both of 7r2(?/, w) have a pole at t = 00 and both of vr2(x, z) are holomorphic at t = cxd. 

If case (i) occurs, it follows from Proposition 11.261 that a^^ = 0. 

If case (ii) occurs, case (2) occurs in Proposition 11.411 From Proposition 14.91 and I4.10t 
it follows that 

^00,0 - ^0,0 = t(2«s + "4 + tts)^ - 2(2"3 + "4 + tts) e Z- (18.6) 

We then observe from flT83|) and flTS^D that 203 + 04 + 05 G 2Z. D 

Proposition 18.9. Suppose that for D^ ioij)o<j<5, —cto + ai = 0, —0:4 + as = 1 and 
there exists a rational solution of type B such that the following hold: 

(1) y has a pole at t = 00 and x, z, w are all holomorphic at t = 00 and Coo,o 7^ 1/2 and 
case (2) occurs in Proposition \l . 1 6[ 

(2) X, y, z, w are all holomorphic at t = and 60,0 + c^o.o = 0, 60,0 7^ 0. 
Either of the following then occurs: (1) 0:4 = 0, (2) Oq + c^i — 1 G 2Z. 
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Proof. From Proposition 14.61 and I4.10[ it follows that 

^00,0 - ho,o = T(2a3 + "4 + tts)^ + a2(a2 + 20:3 + 04 + 0:5) G Z. (18.7) 

7r2{x^y^ z,w) is a rational solution of type B of D5 (05, 04, 03, 025 «i5 «o) such that 
2; has a pole at t = and x,y,w are all holomorphic at t = 0. Moreover, either of the 
following occurs: 

(i) vr2(w) has a pole at t = 00 and all of vr2(x, y, z) are holomorphic at t = cxd, 
(ii) both of 7r2(y, ty) have a pole at t = 00 and both of 712 (x, 2;) are holomorphic at t = 00. 

If case (i) occurs, it follows from Proposition 11.261 that a^ = 0. 

If case (ii) occurs, case (2) occurs in Proposition II. 41[ From Proposition 14.91 and 14. 121 
it follows that 

1 1 

hoofl - hofl = -(2^4 + 04 + as)^ - :^(2a3 + 04 + as) - a2(ao + ai + 02) G Z- (18.8) 

Thus, we observe from (118. 71) and (118.81) that ao + ai — 1 E 2Z. D 

Proposition 18.10. Suppose that for Di^ \(^j)q<j<5i ~oto + ai = 0, —04 + 0:5 = 1 and 
there exists a rational solution of type B such that the following hold: 

(1) y has a pole at t = 00 and x, z, w are all holomorphic at t = 00 and Coo^ 7^ 1/2 and 
case (2) occurs in Proposition \l . 1 6[ 

(2) X, y, z, w are all holomorphic att = and 60,0 + dofl = ~a4 + ^S; ^0,0 ¥" 0- 
Then, ao + ai G Z. 

Proof. We can assume that ao 7^ 0. so{x, y, z, w) is then a rational solution of type B of 
-D5 {—ao, ai, a2 + ao) ^3) ^4) ^s) such that So{y) has a pole at t = 00 and all of So{x, z,w) 
are holomorphic at t = 00. Moreover, all of So{x,y,z,w) are holomorphic at t = 0. 
Therefore, it follows from the residue theorem that 

-(-ao) + ai = -Rest=ooSo{x) G Z. 

D 

Proposition 18.11. Suppose that for D^ (aj)o<i<55 — «o + ai = 0, — a4 + as = 1 and 
i/iere exists a rational solution of type B such that the following hold: 

(1) y has a pole at t = 00 and x, z, w are all holomorphic at t = 00 and Coo,o 7^ 1/2 and 
case (2) occurs in Proposition \l . 1 6[ 

(2) X, y, z, w are all holomorphic att = and 60,0 + dofi = — ^4 + ^s, &o,o = 0. 
Then, a4 + as G Z. 

112 



Proof. We can assume that a^ ^ 0. sitt2{x, y,z,w) is then a rational solution of type B 
of D^ (as,— 04,03 + a4,a2,«i,«o) such that both of si'7T2{y,w) have a pole at t = 00 
and both of Si7r2(x, z) are holomorphic at t = 00 and case (1) occurs in Proposition 11.411 
Moreover, all of SiiT2{x,y,z,w) are holomorphic at t = 0. Therefore, it follows from the 
residue theorem that 

-as + (-a4) = -ReSi=oo'Si7r2(a;) G Z. 

D 

18.3.2 The case where z has a pole at t = 

Proposition 18.12. Suppose that for Di^ {(^j)o<j<bi ~oto + ai = 0, — a4 + as = 1 and 
there exists a rational solution of type B such that the following hold: 

(1) y has a pole at t = 00 and x, z, w are all holomorphic at t = 00 and Coo,o 7^ 1/2 O'lT'd 
case (2) occurs in Proposition \1.16[ 

(2) z has a pole of order n {n > 1) at t = and x, y, w are all holomorphic at t = 0. 
Either of the following then occurs: (1) a4 = 0, (2) a4 + as G 2Z. 

Proof. We can assume that a4 7^ 0. Then, let us consider the following two cases: 
(i) z has a pole of order n (n > 2) at t = and x, y, w are all holomorphic at t = 0, 
(ii) z has a pole of order one at t = and x,y,w are all holomorphic at t = 0. 

We first treat case (i). If case (ii) occurs, the proposition can be proved in the same 
way. 

From Proposition 14.61 and 14.121 it follows that 

hoc,o - ho,o = ^{a4 + a^y e Z. (18.9) 

Tr2{x, y, z,w) is a rational solution of type B of D^ (as, a4, as, a2, ai, ao) such that 
both of 7r2{y, w) have a pole at t = 00 and both of 'n'2{x, z) are holomorphic at t = 00 and 
case (2) occurs in Proposition 11.411 Moreover, both 'n'2{y,w) have a pole of order n — 1 
at t = and both of 7r2{x,z) are holomorphic at t = 0. Then, from Proposition 14.91 and 
14.141 it follows that 

^00,0 - ^0 = 7(04 + a^f - -(a4 + as) G Z. (18.10) 

Therefore, we observe from flTH^l) and (118.101) that a4 + as G 2Z. D 

18.3.3 The case where y, w have a pole at t = 

Proposition 18.13. Suppose that for D\^ (Q^i)o<i<5) ~cto + ai = 0, — a4 + as = 1 and 
there exists a rational solution of type B such that the following hold: 
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(1) y has a pole at t = oo and x, z, w are all holomorphic at t = oo and Coo,o 7^ 1/2 o,nd 
case (2) occurs in Proposition \l . 1 6[ 

(2) y,w both have a pole of order n {n > 1) at t = and x,z are both holomorphic at 
t = 0. 

One of the following then occurs: (1) a2 = 0, (2) 2^3 + 04 + 0:5 = 0, (3) 04 + 0^5 = 0. 

Proof. We can assume that 0:2 7^ 0. It then follows from Corollary 12 . 1 9 1 that S2{x, y, z, w) is 
a rational solution of D5 (ao+'^2, ai+a2, — «2, «3+«2, «4, c^s) such that all oi S2{x,y, z,w) 
are holomorphic at t = and Ooo = Cqo = 1/2. The proposition follows from Lemma 
UM ' ' □ 

18.3.4 summary 

Proposition 18.14. Suppose that for Di^ ioij)o<j<5^ ~cto + ai = 0, —0:4 + 0:5 = 1 and 
there exists a rational solution of type B such that y has a pole at t = 00 and x, z, w are 
all holomorphic at t = 00 and case (2) occurs in Proposition \1.16[ One of the following 
then occurs: 

(1) 02 = 0, (2) 04 = 0, (3) ao + aie Z, (4) ^4 + 05 G Z, (5) 203 + 04 + "5 e Z. 

18.4 The case where y has a pole at t = 00 and Coo,o 7^ 1/2 • • • (3) 

Proposition 18.15. // — ao + ai = and —a^ + 0:5 = 1, then, for D^ ictj)o<j<5, there 
exists no rational solution of type B such that y has a pole at t = 00 and x, z, w are all 
holomorphic at t = 00 and case (3) occurs in Proposition \1.1(A 

Proof. If case (3) occurs in Proposition I1.16[ it follows that a^ = a^ = 0, which is 
impossible. D 

18.5 Summary of cases (0), (1), (2) and (3) 

Proposition 18.16. Suppose that for D\^ i'^j)o<j<5^ ~cto + ai = 0, —0:4 + 0:5 = 1 and 
there exists a rational solution of type B such that y has a pole at t = 00 and x, z, w are 
all holomorphic at t = 00. One of the following then occurs: 

(1) a2 = 0, (2) ^3 = 0, (3) a2 + tt3 = 0, (4) aa - 1/2 G Z, 

(5) as - 1/2 e Z, (6) a2 + a3- 1/2 G Z, (7) ao + ai G Z, (8) 2^3 + 04 + ag G Z, 

(9) a4 + «5 e Z. 
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18.6 The case where w has a pole at t = oo 

Proposition 18.17. Suppose that for Dg (aj)o<j<55 —cto + ai = 0, —a^ + as = 1 and 
there exists a rational solution of type B such that w has a pole at t = oo and x, y, z are 
all holomorphic at t = oo. Then, —a^ + ai = 0, —0:4 + 05 = 1, ai = 0. 

Proof. The proposition follows from Proposition 11.261 D 

18.7 The case where y, z have a pole at t = 00 

Proposition 18.18. Suppose that for D\ (aj)o<j<5; ~olq + ai = 0, —0:4 + 0:5 = 1 and 
there exists a rational solution of type B such that y, z both have a pole at t = 00 and x, w 
are both holomorphic at t = 00. Then, 0:4 + 0^5 = 0. 

Proof. Tlie proposition follows from Proposition 11.331 D 

18.8 The case where y, w have a pole at t = 00 

Proposition 18.19. Suppose that for Dl^ ioij)o<j<5^ ~Oio + ai = 0, —0:4 + 0:5 = 1 and 
there exists a rational solution of type B such that y, w both have a pole of order one at 
t = 00 and X, z are both holomorphic at t = 00. Then, oq = 0. 

Proof. The proposition follows from Proposition 11.411 D 

By S2, we can obtain the following proposition: 

Proposition 18.20. Suppose that for D\ (aj)o<i<55 — cto + ai = 0, —0:4 + as = 1 and 
there exists a rational solution of type B such that y, w have a pole of order n, {n > 1) at 
t = 00 and X, z are both holomorphic at t = 00. One of the following then occurs: 

(1) ai = 0, (2) ^2 = 0, (3) a3 = 0, (4) ^2 + 03 = 0, 

(5) a2 - 1/2 e Z, (6) as - 1/2 G Z, (7) ao + ai E Z, (8) ^2 + "3 - 1/2 E Z, 

(9) 04 + as G Z, (10) 2^3 + 04 + as G Z. 

18.9 Summary 

Proposition 18.21. Suppose that for D^ ioij)o<j<5i ~cto + ai = 0, — a4 + as = 1 and 
there exists a rational solution of type B. One of the following then occurs: 

(1) a2 = 0, (2) 03 = 0, (3) 02 + 03 = 0, (4) 02 - 1/2 G Z, 

(5) a2 + a3-l/2£Z, (6) 03 - 1/2 G Z, (7) ao + ai E Z, (8) 04 + ag G Z, 
(9) 2a3 + 04 + 05 e ^• 
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Corollary 18.22. Suppose that for D^^ i^j)o<j<5^ — q;o + «i = 0, —a^ + a^ = 1 and there 
exists a rational solution of type B. Moreover, assume that the parameters satisfy no one 
of the ten conditions in Theorem \9.5[ By some Bdcklund transformations, the parameters 
can then be transformed so that one of the following occurs: 



(1) 


- ao + «i = 0, -^4 + as = 1, «i = 0, 


(2) 


- ao + ai = 0, -a4 + as = 1, a2 = 0, 


(3) 


- ao + «i = 0, -^4 + as = 1, «3 = 0, 


(4) 


- ao + ai = 0, -a4 + og = 1, ag = 1/2, 


(5) 


- ao + ai = 0, -a4 + as = 1, ag = 1/2, 


(6) 


- ao + ai = 0, -a4 + as = 1, a4 = 0. 



19 Rational solutions for the standard form II (2) 

19.1 The case where —ao + ai = 0, —0^4 + ^5 = 1, ai = 

Proposition 19.1. Suppose that for D^ (<^i)o<j<57 — ao + ai = 0, — a4 + as = 1, ai = 

and there exists a rational solution of type B. One of the following then occurs: 

(1) aa = 0, (2) as = 0, (3) a4 + as G Z, (4) 2a3 + a4 + as G Z, (5) ag - 1/2 G Z. 

Proof. From the discussion in Section 18, we have only to consider the following cases: 

(1) y has a pole at t = oo and x, z, w are all holomorphic at t = oo and Coo,o = 1/2 and 
X, y, z, w are all holomorphic at t = and 6o,o + dofl = ~Q^4 + «S; ^o,o ¥" 0; 

(2) y has a pole at t = oo and x, z, w are all holomorphic at t = oo and Coo,o 7^ 1/2 and 
case (1) occurs in Proposition 11.161 

(3) y has a pole at t = oo and x,z,w are all holomorphic at t = oo and Coo,o 7^ 1/2 
and case (2) occurs in Proposition 11.161 and x, y, z, w are all holomorphic at t = and 
bo,o + dofi = -ai + as, &o,o ¥" 0, 

(4) w has a pole at t = oo and x, y, z are all holomorphic at t = oo, 

(5) y, w both have a pole at t = oo and x, z are both holomorphic at t = oo. 

Using the formula aoo,-i — Oo,-i G Z and /ioo,o ~ ^o,o G Z in the same way, we can 
prove the proposition. D 

Corollary 19.2. Suppose that for D^ {'^j)o<j<5, — ao+ai = 0, — a4+as = 1, ai = and 
there exists a rational solution of type B. Moreover, assume that the parameters satisfy 
no one of the ten conditions in Theorem \9.5[ By some Bdcklund transformations, the 
parameters can then be transformed so that either of the following occurs: 
(1) ao = ai = a4 = 0, as = 1, (2) — ao + ai = 0, a2 = a4 = 0, as = 1, 
(3) — ao + ai = 0, a2 = 1/2, a4 = 0, as = 1. 

19.2 The case where —ao + ai = 0, —a^ + 0^5 = 1, 0^2 = 

Proposition 19.3. Suppose that for D^ i'^j)o<j<5^ — ao + ai = 0, — a4 + as = 1, a2 = 
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and there exists a rational solution of type B. One of the following then occurs: 
(1) as = 0, (2) as - 1/2 G Z, (3) a^ + a^e Z, (4) 2a3 + a4 + ag G Z. 

Proof. From the discussion in Section 18, we have only to consider the following cases: 

(1) y has a pole at t = oo and x, z, w are all holomorphic at t = oo and Coo,o = 1/2 and 
z has a pole of order n {n>l) and a;, y, w are all holomorphic at t = 0, 

(2) y has a pole at t = cxd and x, z, w are all holomorphic at t = oo and Coo,o = 1/2 and 
y, w both have a pole of order n (n > 1) at t = and x, z are both holomorphic at t = 0, 

(3) y has a pole at t = oo and x^z^w are holomorphic at t = oo and Coo,o 7^ 1/2 and 
case (2) occurs in Proposition 11.161 and y, w both have a pole of order n (n > 1) at t = 
and X, z are both holomorphic at t = 0, 

(4) y, w both have a pole of order n (n > 2), at t = oo and x, z are both holomorphic 
at t = oo. 

Using the formula aoo,-i — ao,-i ^ ^ and /ioo,o ~ ^o,o G Z in the same way, we can 
prove the proposition. D 

Corollary 19.4. Suppose that for D^ ('^i)o<j<55 —cto + ai = 0, — a4 + as = 1, a2 = 
and there exists a rational solution of type B. Moreover, assume that the parameters satisfy 
no one of the ten conditions in Theorem \9.5[ The parameters can then be transformed so 
that one of the following occurs: 

(1) ao = ai = a4 = 0, as = 1, (2) — ao + ai = 0, — a4 + as = 1, a2 = as = 0, 

(3) — ao + ai = 0, a2 = a4 = 0, as = 1, (4) — ao + ai = 0, — a4 + as = 1, a2 = as = 1/2. 

19.3 The case where —ao + ai = 0, —a^ + as = 1, a^ = 

Proposition 19.5. Suppose that for Di^ i'^j)o<j<5, — ao + ai = 0, — a4 + a5 = 1, as = 
and there exists a rational solution of type B. One of the following then occurs: 
(1) ai = 0, (2) a2 = 0, (3) a2 - 1/2 G Z, (4) ao + ai G Z, (5) a4 + as G Z. 

Proof. From the discussion in Section 18, we have only to consider the following cases: 

(1) y has a pole at t = oo and x, z, w are all holomorphic at t = oo and Coo,o 7^ 1/2 and 
case (1) occurs in Proposition 11.161 

(2) y, w both have a pole of order n (n > 2) at t = 00 and x, z are both holomorphic at 
t = 00. 

Using the formula aoo,-i — ao,-i G Z and /loo.o ~ ^0,0 G Z in the same way, we can 
prove the proposition. D 

Corollary 19.6. Suppose that for D^ ('^j)o<j<5, — ao+ai = 0, — a4+as = 1, as = and 
there exists a rational solution of type B. Moreover, assume that the parameters satisfy 
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no one of the ten conditions in Theorem \9.5[ By some Bdcklund transformations, the 
parameters can then be transformed so that one of the following occurs: 

(1) — Oq + ai = 0,a2 = 0, a^ = 0, as = 1, (2) — ao + ai = 0, —a^ + as = 1, 0^2 = as = 0, 
(3) ao = ai = a4 = 0, as = 1, (4) — ao + ai = 0, — a4 + as = 1, a2 = as = 1/2. 

19.4 The case where —ao + ai = 0, —a^ + 0^5 = 1, a2 = 1/2 

Proposition 19.7. Suppose that for D^ (%)o<j<5) ~cto + ai = 0, —a^ + as = 1, a2 = 
1/2 and there exists a rational solution of type B. One of the following then occurs: 
(1) as - 1/2 G Z, (2) as G Z, (3) ao + ai G Z, (4) a4 + as G Z. 

Proof. From the discussion in Section 18, we have only to consider the following cases: 

(1) y has a pole at t = 00 and x, 2;, w are all holomorphic at t = 00 and Coo,o 7^ 1/2 and 
X, y, z, If are all holomorphic at t = and 60,0 = ^^0,0 = 0, 

(2) y, w both have a pole of order n (ra > 2) at t = 00 and x, z are both holomorphic at 
t = 00. 

Using the formula Ooo -1 — ao,-i ^ Z and /ioo,o — ^0,0 G Z in the same way, we can 
prove the proposition. D 

Corollary 19.8. Suppose that for Dl^ {(^j)o<j<bi — ao + ai = 0, — a4 + as = 1, a2 = 1/2 
and there exists a rational solution of type B. Moreover, assume that the parameters 
satisfy no one of the ten conditions in Theorem \9.^ By some Bdcklund transformations, 
the parameters can then be transformed so that one of the following occurs: 
(1) — ao+ai = 0, a2 = 1/2, a4 = 0, as = 1, (2) — ao+ai = 0, — a4+as = 1, a2 = as = 1/2. 

19.5 The case where —ao + ai = 0, —a^ + 0^5 = 1, a^ = 1/2 

Proposition 19.9. Suppose that for D^ ioij)o<j<5^ ~cto + ai = 0, — a4 + as = 1, as = 
1/2 and there exists a rational solution of type B. One of the following then occurs: 
(1) a2 - 1/2 G Z, (2) a2 G Z, (3) ao + ai G Z, (4) a4 + as G Z. 

Proof. From the discussion in Section 18, we have only to consider the following cases: 

(1) y has a pole at t = 00 and x, z, w are all holomorphic at t = 00 and Coo,o = 1/2 and 
z has a pole of order n at t = and x, y, w are all holomorphic at t = 0, 

(2) y has a pole at t = 00 and x, z, w are all holomorphic at t = 00 and Coo,o 7^ 1/2 and 
case (1) occurs in Proposition II. 16[ 

(3) y, w both have a pole of order n {n > 2) aX t = 00 and x, z are both holomorphic at 
t = 00. 

Using the formula aoo,-i — cto-i £ Z and hoo,o — /io,o G Z in the same way, we can 
prove the proposition. D 
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Corollary 19.10. Suppose that for D^ (aj)o<i<5) — ao + Q^i = 0, —04 + 05 = 1, 03 = 1/2 
and there exists a rational solution of type B. Moreover, assume that the parameters satisfy 
no one of the ten conditions in Theorem \9.5[ By some Bdcklund transformations, the 
parameters can then be transformed so that either of the following occurs: 
(1) — ao+«i = 0, —a^+a^ = 1, 02 = 03 = 1/2, (2) — ao+«i = 0, 02 = 1/2, 04 = 0, a^ = 1, 

19.6 The case where —ao + ai = 0, —a^ + as = 1, a^ = 

Proposition 19.11. Suppose that for Di^ i'^j)o<j<5, —ao + ai = 0, —ai + a^ = 1, 04 = 
and there exists a rational solution of type B. One of the following then occurs: 
(1) aa = 0, (2) aa - 1/2 G Z, (3) ^3 - 1/2 G Z, (4) Oq + "i G Z, (5) 03 G Z. 

Proof. From the discussion in Section 18, we have only to consider the following cases: 

(1) y has a pole at t = 00 and x,z,w are all holomorphic at t = 00 and Coo,o = 1/2 
and X, y, z, w are all holomorphic at t = and 60,0 + c^o.o = ^ca + Q^s? &o,o = 0, Co,o = 
a5/(-a4 + a5) ¥" 1/2, 

(2) y has a pole at t = 00 and x, z, w are all holomorphic at t = 00 and Coo,o 7^ 1/2 and 
case (1) occurs in Proposition 11.161 

(3) y has a pole at t = 00 and x, z, w are all holomorphic at t = 00 and Coo,o 7^ 1/2 
and case (2) occurs in Proposition 11.161 and x, y, z, w are all holomorphic at t = and 
bo,o + dofl = 0, 

(4) y has a pole at t = cxd and z, 2;, if are all holomorphic at t = 00 and Coo,o 7^ 1/2 
and case (2) occurs in Proposition 11.161 and x, y, z, w are all holomorphic at t = and 
bo,o + dofl = -04 + "5, bo ft = 0, 

(5) y has a pole at t = 00 and x, z, w are all holomorphic at t = 00 and Coo,o 7^ 1/2 and 
case (2) occurs in Proposition 11.161 and z has a pole of order n, (n > 1) at t = and 
x,y,w are all holomorphic at t = 0, 

(6) y, w both have a pole of order n {n >2) a.t t = 00 and x, z are both holomorphic at 
t = 00. 

Using the formula Ooo-i — Oq -1 G Z and /ioo,o ^ ^0,0 G Z in the same way, we can 
prove the proposition. D 

Corollary 19.12. Suppose that for D^ ictj)o<j<5, ~cto + «! = 0, — ^4 + 0:5 = 1, 0:4 = 
and there exists a rational solution of type B. Moreover, assume that the parameters 
satisfy no one of the ten conditions in Theorem \9.5[ By some Bdcklund transformations, 
the parameters can then be transformed so that one of the following occurs: 

(1) — ao + ai = 0, a2 = 0(4 = 0, a^ = 1, (2) ao = C(i = 04 = 0, a^ = 1, 

(3) — ao + ai = 0, a2 = 1/2, 04 = 0, a^ = 1. 
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19.7 Summary 

Proposition 19.13. Suppose that for D5 (ttj)o<i<5; ~tto + ai = 0, —a^ + 05 = 1 and 
there exists a rational solution of type B. Moreover, assume that the parameters satisfy 
no one of the ten conditions in Theorem \9.5[ By some Bdcklund transformations, the 
parameters can then be transformed so that one of the following occurs: 



a^o = tti = «4 = 0, as = 1, (2) — ag + cti = 0, 02 = «4 = 0, 0:5 = 1, 

(3) — ao + ai = 0, —a^ + 0:5 = 1, 02 = c^s = 0, (4) — a^ + ai = 0, —a^ + 05 = 1, ^2 = «3 = 1/2, 

— n,^ -L n,. = n n,„ = 1 /9 n,. ^ r\ rv. = ^ 



(1) ao 

(3) -„.,.., . 

(5) — ao + ai = 0, 0^2 = 1/2, 04 = 0, 05 = 1 

20 Rational solutions for the standard form II (3) 

In this section, we treat the five cases in Proposition 119. 13[ We can prove the following 
propositions and corollaries in the same way as in the previous section. 

20.1 The case where ag = ai = 0^4 = 0, 0^5 = 1 

Proposition 20.1. Suppose that for D^ («i)o<j<5, ao = «i = «4 = 0, as = 1 and there 
exists a rational solution of type B. Either of the following then occurs: 
(1) 02 e Z, 03 G Z, (2) «2 - 1/2 G Z, ag - 1/2 G Z. 

Corollary 20.2. Suppose that for Di^ (c^i)o<j<5, «o = «i = ^4 = 0, as = 1 and there 
exists a rational solution of type B. Moreover, assume that the parameters satisfy no one 
of the ten conditions in Theorem \9.5[ By some Bdcklund transformations, the parameters 
can then be so transformed so that ao = ai = a2 = Q^s = ^4 = 0, as = 1. 

20.2 The case where —ao + ai = 0, a2 = a^ = 0, a^ = 1 

Proposition 20.3. Suppose that for D^ (Q^j)o<i<5, — «o + ai = 0, a2 = a4 = 0, as = 1 
and there exists a rational solution of type B. Either of the following then occurs: 
(1) asGZ, (2) a3-l/2GZ. 

Corollary 20.4. Suppose that for D^ i'^j)o<j<5, — ao + ai =0, a2 = a4 = 0, as = 1 and 
there exists a rational solution of type B. Moreover, assume that the parameters satisfy 
no one of the ten conditions in Theorem \9.5[ By some Bdcklund transformations, the 
parameters can then be transformed so that ao = ai = a2 = as = a4 = 0, as = 1. 
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20.3 The case where —ao + ai = 0, —a^ + 0^5 = 1, 0^2 = «3 = 

Proposition 20.5. Suppose that for Di^ («i)o<j<55 —cto + ai = 0, —a^ + as = 1, 0:2 = 
as = and there exists a rational solution of type B. Either of the following then occurs: 

(1) ao + aiGZ, (2) 04 - 1/2 G Z. 

Corollary 20.6. Suppose that for Di^ (q^j)o<j<55 — ao + ai = 0, — 0:4 + 0:5 = 1, 02 = 03 = 

and there exists a rational solution of type B. Moreover, assume that the parameters 
satisfy no of the ten conditions in Theorem |g.5l By some Bdcklund transformations, the 
parameters can then be transformed so that Oq = Oi = 02 = 03 = 04 = 0, 05 = 1, 

20.4 The case where —ao + ai = 0, —a^ + 0^5 = 1, 0^2 = «3 = 1/2 

Proposition 20.7. Suppose that for D^ (aj)o<i<5, — «o + oi = 0, — 04 + 05 = 1, 02 = 
03 = 1/2 and there exists a rational solution of type B. Then, 

— Oo + Oi = 0, — 04 + 05 = 1, 02 = 03 = 1/2, 04 + 05 G Z. 

Corollary 20.8. Suppose that for Di^ ('^j)o<i<5, — «o + oi = 0, — 04 + 05 = 1, 02 = 
03 = 1/2 and there exists a rational solution of type B. The parameters then satisfy one 
of the conditions in Theorem \9.5\ and by some Bdcklund transformations, the parameters 
can be transformed that — oq + Oi = — 04 + 05 = 0. 

20.5 The case where —ao -\- ai = 0, ^2 = 1/2, 04 = 0, a^ = 1 

Proposition 20.9. Suppose that for Dg ioij)o<j<5^ ~Oio + Oi = 0, 02 = 1/2, 04 = 
0, 05 = 1 and there exists a rational solution of type B. Then, 

— Oo + Oi = 0, 02 = 1/2, 04 = 0, 05 = 1, Oo + Oi G Z. 

Corollary 20.10. Suppose that for D^ i'^j)o<j<5^ — Oo+Oi = 0, 02 = 1/2, 04 = 0, 05 = 

1 and there exists a rational solution of type B. The parameters then satisfy one of the 
conditions in Theorem \9.5\ and by some Bdcklund transformations, the parameters can be 
transformed that — oo + oi = — 04 + 05 = 0. 

20.6 Summary 

Proposition 20.11. Suppose that for D^ ioij)o<j<5^ —cto + oi = 0, — 04 + 05 = 1 and 
there exists a rational solution of type B. Moreover, assume that the parameters satisfy 
no one of the ten conditions in Theorem \9.5[ By some Bdcklund transformations, the 
parameters can then be transformed so that oo = Oi = 02 = 03 = 04 = 0, 05 = 1. 
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21 Rational solutions for the standard form II (4) 

In this section, we prove that for D^ (0, 0, 0, 0, 0, 1), there exists no rational solution of 
type B. 

Proposition 21.1. Suppose that for D^ (0,0,0,0,0,1), there exists a rational solution 
of type B. Then, 

JO if y, z both have a pole at t = oo, 
I 1/4 otherwise. 

Proof. It can be proved by direct calculation. D 

Proposition 21.2. For D^ (0, 0, 0, 0, 0, 1), there exists no rational solution of type B such 
that y has a pole of order one at t = oo and z has a pole of order n {n>\) at t = oo. 

Proof. The proposition follows from 11.331 D 

Proposition 21.3. For DI^ (0,0,0,0,0,1), there exists no rational solution of type B. 

Proof. Suppose that D)^ (0,0,0,0,0, 1) has a rational solution of type B. From the dis- 
cussions in Section 4, considering /ioo,o ~ ^o,o £ ^; we can assume that y, w both have a 
pole at t = and x, z are both holomorphic at t = 0. 

s^s^{x,y,z,w) is then a rational solution of Dl^ ^(0,0,1,-1,1,0) such that y,w both 
have a pole at t = and x, z are both holomorphic at t = 0, which contradicts Lemma 
[221 □ 

22 Summary for the standard form II 

Theorem 22.1. Suppose that for Di^ (o^i)o<i<5, —oiq + ai = 0, —a^ + as = 1 and there 
exists a rational solutions of type B. The parameters then satisfy one of the conditions in 
Theorem |g.51 

Proof. The theorem follows from Propositions 120.111 and 121.31 D 

23 The main theorem for type B 

Theorem 23.1. Suppose that for D\ (q;j)o<j<5, there exists a rational solution of type B. 
By some Bdcklund transformations, the parameters and solution can then be transformed 
so that either of the following occurs: 
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(b-1) — ao + ai = — a4 + as = and (x, y, z, w) = (1/2, — 1/2, 1/2, 0), 
(b-2) (ao, ai, as, ag, a^, as) = (1/2, 1/2, 0, ag, -ag, -ag) and 

{x,y,z,w) = il/2,-t/2 + b,l/2,d), 

where b, d are both arbitrary complex numbers and satisfy b + d = Q. 



Moreover, D\^ (a^ 


)o<i<5 


has a rational solution of type B if and only if the parameters 


satisfy 


one of the following conditions: 








(1) 


- ao + ai G Z 




- a4 + as G Z, 


- ao + ai = -a4 + as 




mod 2, 


(2) 


- ao + ai G Z 




— a4 — as G Z, 


- ao + ai = -a4 - as 




mod 2, 


(3) 


- ao + ai G Z 




- ao - ai G Z, 


- ao + ai ^ -ao - ai 




mod 2, 


(4) 


— ao — ai G Z 




- a4 + as G Z, 


- ao - ai = -a4 + as 




mod 2, 


(5) 


- ao - ai G Z 




— a4 — as G Z, 


- ao - ai = -a4 - as 




mod 2, 


(6) 


- a4 - as G Z 




- a4 + as G Z, 


- a4 - as ^ -a4 + as 




mod 2, 


(7) 


- ao + ai G Z 




- 2a3 - a4 - as G Z, 


- ao + ai = -2a3 - a4 


-as 


mod 2, 


(8) 


- ao - ai G Z 




- 2a3 - a4 - as G Z, 


- ao + ai = -2a3 - a4 


-as 


mod 2, 


(9) 


— ao — ai — 2c 


^2 ez. 


- a4 + as G Z, 


- ao - ai - 2a2 = -a4 + as 


mod 2, 


(10) 


— ao — ai — 2c 


^2GZ, 


- a4 - as G Z, 


— ao — ai — 2a2 = — a4 


-as 


mod 2. 


Proof. 


The theorem follows from Theorems 117.11 and 122.11 




D 
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